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Abstract:
Although it is has been largely demonstrated in specific

applications that parallel manipulators offer very good perfor-
mances there are still domains (e.g. the machine-tool industry)
in which this type of structure is not yet completely accepted.
This may be explained by two main reasons:

• at the end-user level the intrinsic non-linearity of these
structures is still not well understood and previous works
on the subject has been overlooked. This has led to the de-
velopment of prototypes whose performances where not the
expected one, which in turn has led to negative opinions
among some communities

• at the academic level they are still many open problems,
even at the most basic levels. A direct consequence is that
there is still no simulation tool that allow to design effi-
ciently parallel structures whatever is their topology, while
this is a key issue as the performances of these structures
are highly dependent on the topology and dimensioning of
the mechanism.

We will review what are the main problems that are still to be
solved in the field of kinematics for parallel mechanisms, focus-
ing especially on the optimal design problem, and try to outline
possible approaches to solve this problem, the purpose being to
clearly separate what part of the problem is architecture depen-
dent from what may be dealt with by generic tools.

Finally we will present theParallel Structure Initiative
PSI proposed by the Computational Kinematics Committee of
IFToMM that intend to initiate a collaborative work between
academics, companies and end-users to solve the kinematics
problems for parallel structures.

1 Introduction

Historically, closed-chain structures have attracted the interest
mostly of mathematicians as they offer interesting problems.

Some theoretical problems linked to this type of structure were
mentioned as early as 1645 by Christopher Wren, then in 1813
by Cauchy (Cauchy 13) and in 1867 by Lebesgue (Lebesgue 67).
One of the main theoretical problems in this field, called the
spherical motion problem, related to what is now called singu-
larity analysis, was the central point of a competition calledLe
Prix Vaillant, that took place in France in the 1900’s and was or-
ganized by the Acad́emie des Sciences. The prize was won on
equal terms by Borel (Borel 08) and Bricard (Bricard 06).

But clearly at this time the technology was not able to deal
with any practical applications of this type of structure. Al-
though the very first application was proposed by Gough for
a tire test machine (Gough 57; Gough Whitehall 62) parallel
structure were really put in practice in the 70’s for flight sim-
ulator (Baret 78; King 73; Koevermans+75; Parrish+73) (a
very specific area where mostly acceleration are of interest) and
in the early 80’s for robotics application (McCallion Pham 79;
Reboulet Robert 85) (with an interest in a larger panel of perfor-
mances).

Starting in the 90’s parallel kinematic structure (PKS) have
started either to be put in use in various domains such as fine
positioning devices or to be considered for potential applications
such as machine-tool. Among these applications, some of them
were not as successful as expected. The clearest illustration of
this fact is the use of PKS in the machine-tool industry. Al-
though the first presentation of such PKS dates from 1994 with
the Variax of Giddings, we have still to see PKS in current use
for such application.

I see three main reasons for this failure in this particular do-
main:

1. with very few exceptions there is no interaction with the
laboratories having worked in this field for many years and
the developers in the industry; hence problems that were
familiar for researchers are completely overlooked by the
developers, while researchers may miss important points for
a specific application.
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2. the inherent non-linearity of PKS and its consequences on
the design and on the control of such structure is highly un-
familiar to people working in the field of machine-tool, ac-
customed to a linear world,

3. developers in the industry focus first on the development of
the basic mechanical elements of a PKS, such as ball-and-
socket joints. Although this work was necessary as these
components in the right size were not commercially avail-
able, this type of development is onlylocal, missing the
point that these elements are part of aglobal systemthat has
to be considered as such.

I must also be noted that these failures have a negative influence
on the development of PKS, as they comfort a trend that states
that these structures are too complex to work in practice (a trend
that completely ignore past success stories in this field).

On a larger level I intend to show thatclaiming that a PKS
offers better performances than more usual structures iswrong
. . . except if the PKS is the result of an optimal design methodol-
ogy

To support this claim I will try to emphasize the difficulties
with which we are confronted to build efficient PKS and outline
a possible approach to solve these difficulties.

2 Topology synthesis

Although I will focus on the dimensional synthesis problem, it
is easy to show that the topology synthesis problem, i.e. finding
the most appropriate mechanical architecture for a given task, is
difficult for PKS.

Assume for a simplicity that for a given task we have to de-
sign a mechanism with 6 d.o.f. and that the comparison between
different mechanical architectures has to be done based only on
the volume of the workspace that can be reached by the end-
effector. A further assumption is that actuated joints will only be
of the prismatic (P) or revolute (R) type.

For classical serial structure, only the first three joints have
an influence on the location of the end-effector. All the possible
architectures will be obtained by considering all the possible set
of three elements, each element being either P or R. For example
a Cartesian robot is defined as the set PPP, while the spherical
robot is RRR. Now affect a standard lengthL to each element of
the robot: each link of the robots will have lengthL, prismatic
joint have a retracted length ofL and an extended length of2L
etc...

Under that assumption the workspace volume of a PPP robot
is L3 while the RRR workspace volume is roughly85L3, for any
value ofL. Hence as far has workspace is concerned it is clear
that the RRR structure is better than the PPP, whatever is the final
dimensioning.

Now let us introduce two different PKS,
namely a classical Gough platform and an Hexa
robot (Pierrot Dauchez Fournier 91). A first problem is

that for these type of structure the translation ability is not
decoupled from the orientation. Then according to our hy-
pothesis we will assume that the radii of the base and platform
is identical and equal toL. This is clearly a very restrictive
assumption, which will have a large effect on the workspace
volume. Finally even for a given orientation we do not know
what will be the workspace volume of both PKS as a function of
L. It seems only that for a given geometry of Gough platform
the workspace volume is roughlykρ3 whereρ is the extension
of the leg (Masory Wang 95), wherek is a factor that depend
on the geometry of the robot (hence under our assumption the
workspace volume will be written ask(L)L3). A similar result
has never been established for the Hexa robot but imagine that in
that case the workspace may be written asg(L)L3. Comparison
of the two PKS in term of workspace volume based on the
previous formula may lead only to the conclusion that for some
ranges onL the Gough platform has a larger workspace than the
Hexa, the opposite being true for other ranges forL.

Hence at this time we are only able to compare the generic
workspace volume of 2 serial structures but not to compare either
a serial and a parallel structure or 2 PKS.

Hence topology synthesis for PKS is a much more com-
plex problem than for serial structure and cannot be disconnected
from the dimensional synthesis problem.

There is also an important open problem related both to the
topology and dimensional synthesis of PKS with less than 6 d.o.f.
Having less than 6 d.o.f. may be interesting for some tasks (such
as using a PKS for a milling machine for which the rotation
around the normal of the platform is not necessary) and allows
for a reduction in the cost of the machine. Numerous PKS with
between 3 and 5 d.o.f. have been proposed in the literature. We
may classify them into two different categories:

• externally constrained mechanism: the PKS has less than 6
d.o.f because a passive mechanism restricts the motion of
the platform. A typical example of such type of PKS is the
Tricepts robot.

• geometrically constrained mechanism: the geometry of the
legs imposes constraints on the motions of the platform. A
typical example of such type of PKS is the Delta robot or
the ”Agile Eye”.

In both cases the platform will have less than 6 d.o.f. only in
theory. Indeed due to the manufacturing tolerances, clearance in
the joints,. . . the platform will exhibit motions in all 6 d.o.f. The
problem to be addressed is the following: being given a thresh-
old on the maximal amplitude of the undesired motion what are
the amplitude of the errors that are allowed for the manufactur-
ing of the robot?. Clearly this is a very important issue: if the
amplitude of the errors are lower than reasonable manufactur-
ing tolerances, then the mechanical architecture cannot be used
in practice. This important subject has almost never been ad-
dressed (Parenti-Castelli Di Gregorio 00).
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3 Dimensional synthesis

Finding the dimensions of a given mechanism so that it is opti-
mal with respect to some requirements is a very old problem in
mechanism theory. Before describing the existing methods let us
examine what are the requirements that may be imposed on PKS
and what is their complexity.

3.1 Requirements

The COPRIN project of INRIA has a lot of practical experience
in the optimal design of PKS, which has been gained from the
development of our own prototype and from several industrial
contracts. We have been dealing especially with:

• fine positioning devices for heavy loads (with the European
Synchrotron Radiation Facility, the Institut Laue Langevin,
Alcatel),

• machine-tools (with Constructions Ḿecaniques des Vos-
ges),

• medical robots.

Very early we have established an evaluation form for the design
of Gough platform type PKS that both allows the end-user to
describe his requirements (either as trends or with numerical val-
ues) and enable the designer to get all the necessary information
to perform the design study.

The end-user may provide information and requirements
that may be classified as:

• kinematics: workspace, accuracy, maximal motion of the
passive joints, dexterity,

• statics: load on the platform, stiffness of the robot,

• dynamics: maximal velocity and acceleration of the actua-
tor and of the platform, inertia and center of mass,

• geometrical: overall size of the robot, of the mechanical
components,

• technological: overall information on the actuator, on the
sensors and on the passive joints. Indeed the context of the
application may impose the use of restricted classes of such
components.

Note that most of the time the requirements provided by the end-
user will only be subset of the requirements used by the designer.
For example the end-user may provide only requirements on the
workspace and on the load carrying ability but the designer will
also consider, for example, singularities and maximal passive
joint motions. Among the list of requirements, workspace and
accuracy are almost always provided.

The end-user has also to classify his requirements according
to their importance: this is crucial as in some case we have to
relax some requirements in order to be able to satisfy some other

requirements. Hence we will have to consider firststrict require-
mentsthat cannot be relaxed and then other criterion that can be
relaxed to some extent.

It must also be mentioned that some requirements may in-
volve a fixed value (e.g. the accuracy of the positioning of the
platform for a unit value of the sensor error must not greater than
a given threshold) and will be calledfixed value requirements.
On the other hand, we may havea maxima requirements(e.g.
the positioning error of the platform for a unit value of the sensor
error must be as low as possible).

First of all it must be noticed that for PKS most of these per-
formances arepose dependent. For example, the workspace of
the end-effector is dependent upon its orientation, while the ac-
curacy is dependent both upon the orientation and the location of
the end-effector. This dependency is usually quite complex: for
example the accuracy∆X of the positioning of a Gough plat-
form is related to the accuracy∆ρ of the sensor by:

∆ρ = J−1(X)∆X

The inverse Jacobian matrixJ−1 has a relatively simple analyt-
ical form, but establishing the positioning accuracy of the plat-
form as a function of the sensor accuracy will require the use of
J , which is highly complex.

Most of these requirements are of theworst casetype with
respect to the workspace: as the performances are pose depen-
dent, the limits imposed on the requirements have to be consid-
ered for the whole workspace. For example an accuracy require-
ment∆Xd indicates that the positioning error must not exceed
∆Xd over the whole workspace of the robot.

But the designer may have also to deal with other cases.
Imagine for example that two robots A and B with different ge-
ometries have equivalent worst case accuracy. Clearly this does
not imply that they are equivalent. Indeed, for example, theav-
erage valueof the positioning error over the whole workspace
may be quite different or alternatively we may have to consider
thebest case(when some crucial part of the task requires a high
accuracy).

Determining the the best and worst case accuracy is obtained
by solving a difficult constrained optimization problem. We will
see later on that although difficult the problem is tractable. This
is not the case for determiningexactly(we will explain later on
what is our meaning of the word exactly) the average value of
the positioning error over a given workspace which is a problem
without known solution at this time. Using in the design process
criterion for which best or worst case are difficult to calculate,
however appropriate or pertinent they may be, clearly compli-
cate the process. Another example of such complex criteria is
the family of dexterity indexsuch as the absolute value of the
determinant of the inverse jacobian or thecondition number, i.e.
the ratio of the minimal eigenvalue over the maximal eigenvalue
of the matrixJ−1J−T . The analytical form of such index is in
the best case very difficult to calculate and very often even not
possible (for example the condition number is the ratio of the
roots of a polynomial whose degree is equal to the number of
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d.o.f. of the robot and hence cannot be calculated analytically as
soon as this number exceed 4). The average value of these crite-
rion (often called theglobal conditioning index) is very difficult
to calculate exactly. Furthermore we must mention the lack of
significance of this type of index as soon as the motion of the
platform mixes translation and rotation.

Finally it must be emphasized that all the requirements in the
above list are highly sensitive to the geometry of the robot. Such
sensitivity is the first reason for the failure of some prototype of
PKS which have been designed using a local approach instead
of a global one, the second one being that some properties of
PKS have been overlooked. For example changing the radius of
the platform of a Gough platform by 10% may modify the worst
case stiffness by 700%. Clearly such ratio imply that a robot
with a poor topology but optimally designed will present largely
better performances than a robot with an appropriate topology
but poorly designed. Hencedimensional synthesis is crucial
when designing a PKS.

3.2 Workspace requirements

As mentioned previously, most of the design requirements have
to be verified over the workspace of the robot. This workspace
may be defined in various terms:

1. a workspace defined with respect to a global reference
frame

2. the whole workspace of the robot. For example, for a Gough
platform, this workspace may be defined as the set of poses
that the robot can reach with the leg lengthsρ satisfying
the inequalitiesρmin ≤ ρ ≤ ρmax whereρmin, ρmax are
given constants. A general definition will be all the reach-
able poses such thatn inequality constraintsFi(X, ρ) ≤
0 (i = 1, . . . , n) are satisfied.

3. a workspace, where thez component specification is de-
fined relatively to some unknown quantityzd. For example
thez motion ability may be specified as± 50 mm relatively
to some unknown design parameterzd.

These three different possibilities may co-exist for a given design
problem. For example, the accuracy requirement may be defined
for a workspace of type 1, while singularity analysis has to be
performed in the type 2 workspace. For the type 3 workspace we
have to includezd as a design parameter.

3.3 Design methodology and performance verification

The most well known design methodology is the cost-function
approach (Erdman 93). To each design requirementj is associ-
ated a numerical indexIj that is minimal for the best robot. The
cost functionC is defined as:

C =
∑

wjIj ,

where thewj are weight associated to theIj . In some sense,
the cost function is an indicator of the global behavior of the

mechanism with respect to the requirements. AsC is clearly a
function of the set of design parametersP, a numerical procedure
is used to find the value of the design parameters that minimize
C. This approach has several drawbacks:

• the result is heavily dependent upon the weights that are
used in the cost-function, and there is no automatic way to
find the right weights,

• defining the indexI is not always an easy task, for exam-
ple if we have constraints on the shape of the workspace.
Furthermore, as mentioned earlier, some of these index are
even very difficult to estimate (for example the global con-
ditioning index).

• introducing strict requirements in the minimization is diffi-
cult, and in any case computer intensive,

• as for any optimization problem, it is difficult to guarantee
that the global extremum has been found. Error at this level
put in jeopardy the whole design methodology.

• some of the requirements are antagonistic; for example,
it is well known that dexterity is antagonistic with the
workspace volume (Ma Angeles 91); using both criterion in
a weighted sum does not have any physical meaning

But the main difficulty is that the computation of the index for a
given geometry must be very efficient as the minimization proce-
dure will use these calculations extensively. Unfortunately, veri-
fying that a PKS of given geometry satisfies a single requirement
is usually a very complex task.

3.4 Performance verification

3.4.1 Standard verification form

In my opinion, any optimal design methodology will use a per-
formance verification module that takes as its input a robot ge-
ometry and verify whether this geometry satisfy a list of require-
ments. Hencethe development of an efficient performance
verification module is a key point for the optimal design of
PKS.

Ideally, such module should be able to

1. deal with any type of PKS, although optimized version for
the most usual PKS may exist,

2. deal with almost any type of requirements, especially worst
and best cases,

3. provideguaranteedresults.

A given requirement usually defines an implicit set of constraints
I that is only dependent upon the topology of the robot. Assume
now that we have a generic toolT that is able to deal with any
I as soon asI is expressed in a standard form (that we will call
the standard verification form(SVF)). A generic performance
verification module may reach the first two objectives if
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1. we first preprocess all theI for each requirement to put
them in the standard form, probably using a symbolic com-
putation software,

2. we use then the generic toolT to verify all the requirements
either in sequence or simultaneously.

In my opinion, many mathematical tools offer the possibility of
designingT (see the Annex for one possibility). But the key
point on this issue isa collaborative work of researchers in the
field of mechanism theory and mathematicians. The first part
of this effort is the development of the SVF: the researchers in
mechanism theory will provide the description of all the require-
ments that may be of interest for PKS; the mathematicians will
analyze them to obtain a very reduced set of problems to solve.
For example, although dealing with very different quantities, de-
termining the worst case accuracy of a robot and the maximal
joint forces are strictly equivalent mathematical problems.

The second part of the collaborative work is the design of
the toolT that allow to solve the reduced set of problems.

3.4.2 The meaning ofexact

DesigningT will be clearly a difficult job buta key point on
this issue is the meaning of getting anexactresult. We must
take advantage of the fact that exact means in our community
that the result must beguaranteedand this may strongly be dif-
ferent than the mathematical meaning of the word exact (or even
approximatively exact in the computer science signification of
this term). A guaranteed result means that we are able to de-
termine error bounds on the result, so that a decision based on
this result will be justified. In the worst case the algorithm will
indicate that the result cannot be calculated safely in a standard
manner on a computer (this will usually happen when we are at
the limits on the requirements and neglecting the design results
that may be provided at this point should not cause any prob-
lem as these solutions will have an error margin that will be well
below the manufacturing tolerances). Guaranteed result is there-
fore much less stringent than exact result: hence we must design
our algorithm to use this freedom in view of reducing the com-
putation time. Note also that getting a guaranteed result excludes
the use of discretization methods that just sample the workspace
and verify the requirement only at the sampling points.

In the optimal design process mostly guaranteed results are
needed, as for many requirements it will not be necessary to ob-
tain exactly result.

Let us consider for example the determination of the accu-
racy of the sensor that must be used to reach a given accuracy
for the positioning of the platform. We will first determine what
will be the accuracy∆X1 of the positioning of the platform for a
unit value of the sensor error. Then, as the relationship between
these two quantities is linear, we will be able to determine what
must be the sensor error∆ρs so that the accuracy of the plat-
form reaches a given value∆Xd. The important point is thatin
many cases only a restricted set of accuracy for the sensor will
be available. Hence the accuracy of the platform need to be de-

termined only to the extent that it will result in a unique possible
value for the accuracy of the sensor. For example if the available
sensor accuracy are 0.1, 0.2 and 0.5 and ifT is able to compute
a range for∆X1 such that∆ρs is in the range [0.3,0.4], then we
are able to decide that we have to use the sensor with the accu-
racy 0.2. Hence, although we have not determinedexactlywhat
will be the worst case accuracy, we can still guarantee that this
choice of sensor error will satisfy the requirement.

Clearly T must be designed so that it only guarantees the
result, especially if getting a guaranteed result is less computer
intensive than getting the exact result.

3.4.3 Exact methods

In some favorable cases it will be possible to solve exactly the
performance evaluation problem. Unfortunately in my experi-
ence this happen only for very simple problems (robot with 2
d.o.f. and very simple requirements). But if such an approach is
possible it should be clearly favored as soon as the computation
time is small.

3.4.4 Hybrid methods

Let us assume that we have to solve an dimensional performance
evaluation problem (i.e. that the number of unknowns in the
problem isn) and that we are able to solve the same problem
exactly when the number of unknowns ism < n, i.e. when
the unknownsxm+1, . . . xn have a fixed value. As we have
in most case to solve an optimization problem (i.e. determine
the extremal valueFm of a given function) we may be able to
determine what may be the maximal change in the unknowns
xm+1, . . . xn such that these changes will not result in a change
of Fm greater than a given thresholdε. Hence using the exact
method with as value forxm+1, . . . xn these new values ensures
that we will determine the optimal value ofFm with an accuracy
less thanε. Repeating this process until the whole workspace has
been explored will ensure that in the worst case the optimum has
been found with an accuracyε. Such method has been proven to
be very efficient for the analysis of some requirements for PKS
over some specific workspace (Merlet 98a; Merlet 98b).

3.5 Alternative optimal design methodologies

3.5.1 Genetic algorithms

Assume now that an efficient performance verification module is
available. This open the door to alternative design methodolo-
gies such as the use of genetic algorithms (GA). In this type of
algorithm individuals have genes that represent values for the de-
sign parameters. An initial population of individuals is initially
selected as parents and they are crossed-over to generate chil-
dren, some of them having genes that are obtained as mutation
of the genes of their parents. Each individual is evaluated with
respect to the design requirements, and selection rules allow to
select only the ”more promising” children that will constitute the
next generation.

GA’s are well known optimization procedures that may
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be used when the function to be optimized are com-
plex. They have been already used in the field of planar
PKS (Boudreau Gosselin 99), although the lack of an efficient
performance verification has restricted their use to simple PKS.
In my opinion GA may be interesting only if we have only fixed
value requirements and cannot be used for a maxima require-
ments as they give guarantee on the result.

3.6 The parameter space approach

Let m be the number of design parameters inP. We define an
m dimensional space, theparameter spaceS , in which each di-
mension is associated to one design parameter (hence each point
in the parameter space defines an unique robot geometry). The
purpose of the parameter space approach is to determine the re-
gions ofS that include all the possible solutions of the design
problem.

To reach this goal, the following approach may be used:

1. select a particular requirementRj , or a relaxed version of
this requirement (for example if the requirement is that the
workspace of the PKS includes a specific Cartesian box
we may relax the requirement by verifying only that the
workspace includes the 8 corners of the box).

2. determine the regionSj of S which include all the robots
satisfyingRj .

3. repeat the process for another requirement.

4. after completing the 3 first steps of this process we have
obtainedm regionsSj . If there is a solution to the optimal
design problem, then it will lie in the intersection of the
regions. At this step we compute this intersectionSi.

5. at this point we have determined all the robots that satisfy
a subset of the requirements. A local approach is then used
to determine the solutions withinSi that satisfy all the re-
quirements.

A key issue in this approach is step 2. We must develop a
generic method that is able to deal with most common require-
ments. This method will rely on an extended version of the stan-
dard verification form, called thestandard design verification
form (SDVF), that takes also into account the design parameters
and will have basically the same structure than the performance
verification module:

• transform the requirements into a SDVF,

• apply a generic toolT to determine the regionSj . Note that
the generic toolT is a special instance ofT in which all the
design parameters have a fixed value.

Although the problem may seem to be quite complex, we
have already obtained some result in this area, especially for
the workspace requirement, either by using a geometrical ap-
proach (Merlet 97) or an interval analysis approach (Merlet 01).

4 Conclusion

Optimal design can be divided into two main topics: topology
synthesis and dimensional synthesis, although it is unclear if
topology synthesis can be separated from dimensional synthe-
sis for PKS. Performances of PKS are highly sensitive to both
type of synthesis; hence optimal design is a crucial issue for the
development of efficient PKS.

We propose to develop a generic method for the optimal de-
sign of PKS, based on the transformation of the requirement into
a reduced set of generic problems that may be treated by an uni-
versal solver. The development of this generic method is a huge
project and can only be the result of a collaborative work between
the researchers working in this field, mathematicians interested
in this type of problems, and end-users. This effort must be co-
ordinated: hence the Computational Kinematics technical Com-
mittee of IFToMM (the International Federation on the Theory
of Machine and Mechanisms) has proposed to coordinate this
effort. Researcher from academy and industry willing to partici-
pate to this research effort are encouraged to look at the Parallel
Structure Initiative (PSI) web site:

http://www-sop.inria.fr/coprin/EJCK/PSI.html

A further problem that has to be taken into account is con-
trol: there is a crucial need for robot controller that are able to
deal efficiently with the inherent non-linearity of PKS and with
its consequence on control, on-line and off-line motion planning,
. . .. In my opinion current controller are not very effective for
PKS. But this is another story. . .

Annex: Interval analysis

Interval analysis is a powerful method initially proposed by
Moore (Moore 79). Let us illustrate this method on a simple
example: letf be the functionx2 − 2x and assume that we are
looking for the solutions off = 0 whenx is in the range[3, 4].
Intuitively it is easy to see that ifx is in [3,4], thenx2 is in [9,16]:
this means that ifx has a particular value in the range [3,4], then
f(x) has a value in the range [9,16] (similarly−2x is in the range
[-8,-6]). Now consider the sum of 2 intervalsA = [a, a], B =
[b, b]. It may be seen thatA + B = [a + b, a + b] = C, which
means that for any value ofx in A andy in B, thenx+y lie in C.
In our case we will writef([3, 4]) = [9, 16]+[−8,−6] = [1, 10].
The resulting interval defines therefore lower and upper bound
for the values off : we may guarantee that for anyx is [3,4]
1 ≤ f(x) ≤ 10. As 0 is not included in the final interval we may
state that there is no zero off for x in the range [3,4]. Note that
the bounds provided by interval analysis are overestimated, the
true range off(x) being [3,8]. However, this does not affect the
validity of the conclusion.

This method works for all the classical mathematical func-
tions such assin, cos, sinh, . . .. Furthermore this method may be
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implemented to take into account numerical round-off errors and
is therefore safe from a numerical view point.

Let us apply this method for a classical problem for PKS.
Assume that we want to verify that a particular Cartesian boxB0

is included in the workspace of a Gough platform, the orientation
of the platform being constant. If the leg lengthsρ of the robot
are restricted to lie in the interval[ρmin, ρmax] we have to verify
that for anyX in B0 we haveρmin ≤ ρ(X) ≤ ρmax. As we
know an analytical form forρ(X) we may determine by using
interval arithmetics a lower and an upper boundρ(X), ρ(X) for
ρ(X) if X lie in a given Cartesian box. The algorithm uses a list
of Cartesian boxL which is initialized to beL = {B0} at the
start andLi will denote thei-th box inL. The algorithm is then,
starting withi = 1:

1. compute
[
ρ(Li), ρ(Li)

]
using interval arithmetics.

2. if ρ(Li) > ρmax or ρ(Li) < ρmin, thenB0 is not included
in the workspace, as every point ofLi, which is included in
B0, is outside the workspace. Send the message ”BOX IS
OUT”.

3. if ρ(Li) ≥ ρmin andρ(Li) ≤ ρmax, thenLi is included in
the workspace, as for any point in this box the leg lengths
are within the limits. Restart at 1 with thei = i + 1.

4. otherwise bisectLi along one of its dimension (eitherx, y
or z) to create two new Cartesian boxes that will be stored
at the end ofL. Restart at 1 with thei = i + 1.

The algorithm either exits at step 2, in which case part ofB0

is outside the workspace, or it stops when all the boxes ofL
have been processed, in which caseB0 is fully included in the
workspace. Note that the previous algorithm is just an outline
of what can be done, and may be improved in many different
aspects.
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Abstract: This paper describes a new structure for a six-
DOF decoupled parallel manipulator. The decoupled
movement of the moving platform is analyzed and its degrees
of freedom is calculated. The inverse and direct kinematics of
the manipulator are presented, and the assembly modes
determined.

1 Introduction

The kinematic structure of most contemporary robots is an
open kinematic chain structure (serial manipulators).
However, robots with closed kinematic chains (parallel
manipulators) have some advantages compared to serial ones:
- Higher payload to weight ratio, since the payload is

supported by several legs in parallel.
- Higher accuracy due to non-cumulative joint error.
- Higher structural rigidity due to closed kinematic

structure.
- Insensitivity positions (singular configurations) with

very high position precision for the output link.
- Usually, actuators are located on the fixed platform.
- Simple solution of the inverse kinematics equations.
- Conversely, they suffer from smaller work space,

uncertainty position, singular configurations and more
complicated direct kinematic solution.

One of the first parallel manipulators, patented by Pollard
(1942), was used for car painting. Later, Gough and
Whitehall (1962) presented a parallel manipulator for tire
testing and Stewart (1965) another one used in a fly
simulator, both manipulators having linear actuators. Hunt
(1983) presented a new parallel manipulator structure with 6
rotary actuators. During these last decades many authors have
shown different parallel kinematic structures, some of them
with linear actuators, others with rotary actuators and some

with a mixture of linear and rotary actuators. Several of these
parallel manipulators can be seen in (Merlet 2000). Also,
these and other examples and references can be found in the
following web sites:
- [http://www-sop.inria.fr/coprin/equipe/merlet/merlet.html].
- [http://www.parallemic.org/].

In most parallel manipulators, actuator movement
influences both position and moving platform direction, but
for some it influences only in the position or direction, these
are called decoupled manipulators.

Examples of different decoupled parallel manipulator
structures are presented for Innocenti and Parenti-Castelli
(1991), Zlatanov et al. (1992), Patarinski and Uchiyama
(1993), Wohlhart (1994), Geng and Haynes (1994), Bernier
et al. (1995), Lee (1995), Lallemand et al. (1997), Ben-Horin
et al. (1998), Brodski et al. (1998), Mianowski (1998) and
Lee and Park (1999).

According to the previous references the Tri-Scott
structure, that is going to be presented, has not been
described before.

2 Tri-Scott structure

The parallel manipulator (Fig. 1) is composed of one fixed
platform with three masts, three modified Scott’s
mechanisms sliding on the masts, and a triangular moving
platform.

The masts are fixed and perpendicular to the fixed
platform and are located in the vertexes of a triangle. Two of
each Scott’s mechanisms turning pairs have been replaced by
two universal joints (K) allowing them to have a spatial
movement instead of a planar one. Each complete Scott’s
mechanism can slide on its corresponding mast. The three
vertexes of the moving platform are attached to the three
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ending points of the Scott’s mechanisms (points 41, 42 and
43).

Figure 1. Tri-Scott parallel manipulator

At each mast, the overall movement of the complete
Scott’s mechanism is introduced by one linear actuator
(actuators 1, 2 and 3), attaching the mechanism to the fixed
platform. The intrinsic movement in each Scott’s mechanism
is introduced by one linear actuator (actuators 4, 5 and 6),
attaching both mechanism sliders.

3 Tri-Scott kinematics

The original Scott’s mechanism (Fig. 2) is a planar straight-
line mechanism. With appropriate dimensions point "P"
describes a straight line. In this mechanism, the pairs "A",
"B" and "C" are revolutes.

Figure 2. Original Scott’s mechanism

Replacing the original Scott’s mechanism turning pairs
"A" and "C" by two spherical pairs (S) or by two universal
joints (K) with two of their turning pairs aligned, a spatial

mechanism is obtained in which point "P" moves on a plane.
Placing pair "C" on a slider, the complete mechanism can
have an overall sliding motion on the mast, (Fig. 3).

Figure 3. Modified Scott’s mechanism

Due to the characteristics of such modified Scott’s
mechanisms, a decoupled movement of the moving platform
is obtained. For example, if movement is only introduced by
actuators "4", "5" and "6", a planar movement of the
moving platform is obtained.

Using the Kutzbach criterion, having into account that
pairs 11, 21, 12, 22, 13 and 23 can be spherical or universal
joints with two of their turning pairs aligned, the moving
platform degrees of freedom are easily found:

DOF = 6 · (14 - 1) - 5 · 9 - 3 · 9 = 6 (1)

3.1  Tri-Scott notation and topology

The notation used to describe the topology of this parallel
manipulator is summarized in the following items and shown
in figures 1, 4 and 5.

Figure 4. Notation of parallel manipulator, perspective
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- i Linear actuator.
- ρi Articular coordinate of the i-th actuator.
- 1i Center of universal joint in the lower slider of the i-th

      Scott’s mechanism.
- 2i Center of universal joint in the upper slider of the i-th

      Scott’s mechanism.
- 3i Center of turning pair in the i-th Scott’s mechanism.
- 4i Center of the spherical joint, vertex of moving

      platform attached to i-th Scott’s mechanism.
- Li Length between centers 2i and 4i, or lengh of the

      longer link of the i-th Scott’s mechanism.
- Aij Length moving platform edge that links

      the i-th and j-th Scott’s mechanisms.
- L'i Length of the horizontal projection of Li, or length

      between centers 1i and 4i.
- A'ij Length of the horizontal projection of the edge Aij.

Figure 5. Notation of parallel manipulator, horizontal
projection

4 Inverse kinematics

Inverse kinematics deals with the determination of the
articular coordinates in terms of the moving platform
position.

The moving platform position is expressed in terms of the
value of the coordinates of the moving platform vertexes
( i4X , i4Y , i4Z ).

It must be noted that although the position of the moving
platform can be stated in a different way, for example by
means of the coordinates of its gravity center and three Euler
angles, it is always easy to determine the coordinates of its
three above mentioned vertexes in terms of the alternative set
of coordinates.

It is evident that in the Scott’s mechanism the articular
coordinates of "1", "2" and "3" actuators are de "Z"
coordinates of the moving platform vertexes, so

3,2,1i;Z i4i ==ρ . (2)

And, as

2
3i

2
i

'
i LL +ρ−= , (3)

the articular coordinates of "4", "5" and "6" actuators will be:

2
141

2
141

2
14 )YY()XX(L −−−−=ρ (4)

2
242

2
242

2
25 )YY()XX(L −−−−=ρ (5)

2
343

2
343

2
36 )YY()XX(L −−−−=ρ (6)

5 Direct kinematic

Direct kinematic deals with the determination of moving
platform position in terms of the input (actuator) coordinates.

Given the articular coordinates "ρi", the " i4Z "
coordinates of the of moving platform vertexes are directly
determined:

.3,2,1i;Z ii4 =ρ= (7)

The lengths of the horizontal projections of the longer
links in the Scott’s mechanisms will be:

2
4

2
1

'
1 LL ρ−= (8)

2
5

2
2

'
2 LL ρ−= (9)

2
6

2
3

'
3 LL ρ−= (10)

And the lengths of the horizontal projections of the edges
of moving platform will be:

2
4142

2
12

'
12 )ZZ(AA −−= (11)

2
4243

2
23

'
23 )ZZ(AA −−= (12)

2
4341

2
31

'
31 )ZZ(AA −−= (13)

Taking into acount the lengths of the projections,
ecuations (8 to 13), the coordinates "X" and "Y" of the
vertexes of moving platform can be determined with the
polynomial method proposed by Gosselin et al. (1992) for
planar parallel manipulators.

Gosselin et al. obtained a sixth degree polynomial which
could get six real solutions, corresponding to the different
assembly modes of the manipulator.
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As Tri-Scott is a spatial mechanism, its moving platform
can turn upside down, for this reason, the Tri-scott have
another six degree polynomial with another six possible
solutions.

As a consequence, the direct kinematics of the Tri-Scott
parallel manipulator presents two sixth degree polynomials
with twelve possible solutions associated with different
assembly modes of the manipulator.

6 Conclusions

In this paper the structure of a new six DOF decoupled
parallel manipulator has been presented. The kinematic
structure is based on three modified Scott’s mechanisms.
With this structure a decoupled movement of the moving
platform is obtained. It is verified that it is a six degree of
freedom mechanism. The inverse kinematics of the
manipulator is presented. Finally, it is presented a closed
form direct kinematics in terms of two polynomials of sixth
degree that have associated  twelve different assembly
modes.
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Abstract: The orthoglide is a 3-DOF parallel mechanism de-
signed at IRCCyN for machining applications. It features three
fixed parallel linear joints which are mounted orthogonally and a
mobile platform which moves in the Cartesian�-�-� space with
fixed orientation. The orthoglide has been designed as function
of a prescribed Cartesian workspace with prescribed kinetostatic
performances. The interesting features of the orthoglide are a
regular Cartesian workspace shape, uniform performances in all
directions and good compactness. A small-scale prototype of the
orthoglide under development is presented at the end of this pa-
per.

1 Introduction

Parallel kinematic machines (PKM) are interesting alternative
designs for high-speed machining applications and have been
attracting the interest of more and more researchers and com-
panies. Since the first prototype presented in 1994 during the
IMTS in Chicago by Gidding&Lewis (the Variax), many other
prototypes have appeared.

However, the existing PKM suffer from two major draw-
backs, namely, a complex Cartesian workspace and highly non
linear input/output relations. For most PKM, the Jacobian ma-
trix which relates the joint rates to the output velocities is not
constant and not isotropic. Consequently, the performances (e.g.
maximum speeds, forces accuracy and rigidity) vary consider-
ably for different points in the Cartesian workspace and for dif-
ferent directions at one given point. This is a serious drawback
for machining applications (Kim (1997); Treib et al. (1998);
Wenger et al. (1999)). To be of interest for machining applica-
tions, a PKM should preserve good workspace properties, that is,
regular shape and acceptable kinetostatic performances through-
out. In milling applications, the machining conditions must re-
main constant along the whole tool path (Rehsteiner (1999);
Rehsteiner et al. (1999)). In many research papers, this crite-

rion is not taking into account in the algorithmic methods used
for the optimization of the workspace volume (Luh et al. (1996);
Merlet (1999)).

The orthoglide optimization is conducted to define a �-axis
PKM with the advantages a classical serial PPP machine tool
but not its drawbacks. Most industrial 3-axis machine-tool have
a serial PPP kinematic architecture with orthogonal linear joint
axes along the x, y and z directions. Thus, the motion of the
tool in any of these directions is linearly related to the motion
of one of the three actuated axes. Also, the performances are
constant in the most part of the Cartesian workspace, which is
a parallelepiped. The main drawback is inherent to the serial
arrangement of the links, namely, poor dynamic performances.

The orthoglide is a PKM with three fixed linear joints
mounted orthogonally. The mobile platform is connected to the
linear joints by three articulated parallelograms and moves in the
Cartesian x-y-z space with fixed orientation. Its workspace shape
is close to a cube whose sides are parallel to the planes ��, ��
and �� respectively. The optimization is conducted on the basis
of the size of a prescribed cubic workspace with bounded veloc-
ity and force transmission factors. Two criteria are used for the
architecture optimization of the orthoglide, (i) the conditioning
of the Jacobian matrix of the PKM (Golub et al. (1989); Salis-
bury et al. (1982); Angeles (1997)) and (ii) the manipulability
ellipsoid (Yoshikawa (1985)).

The first criterion leads to an isotropic architecture and to
homogeneous performances in the workspace. The second cri-
terion permits to optimize the actuated joint limits and the link
lengths of the orthoglide with respect to the aforementioned two
criteria.

Next section presents the orthoglide. The kinematic equa-
tions and the singularity analysis is detailed in Section 3. Sec-
tion 4 is devoted to the optimization process of the orthoglide
and to the presentation of the prototype.
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2 Description of the Orthoglide

Most existing PKM can be classified into two main families.
The PKM of the first family have fixed foot points and vari-
able length struts and are generally called “hexapods”. They
have a Stewart-Gought parallel kinematic architecture. Many
prototypes and commercial hexapod PKM already exist like
the Variax-Hexacenter (Gidding&Lewis), the CMW300 (Com-
pagnie Mécanique des Vosges), the TORNADO 2000 (Hexel),
the MIKROMAT 6X (Mikromat/IWU), the hexapod OKUMA
(Okuma), the hexapod G500 (GEODETIC). In this first family,
we find also hybrid architectures with a 2-axis wrist mounted
in series to a 3-DOF tripod positioning structure (the TRICEPT
from Neos Robotics).

The second family of PKM has been more recently investi-
gated. In this category we find the HEXAGLIDE (ETH Zürich)
which features six parallel (also in the geometrical sense) and
coplanar linear joints. The HexaM (Toyoda) is another exam-
ple with non coplanar linear joints. A 3-axis translational ver-
sion of the hexaglide is the TRIGLIDE (Mikron), which has
three coplanar and parallel linear joints. Another 3-axis trans-
lational PKM is proposed by the ISW Uni Stuttgart with the
LINAPOD. This PKM has three vertical (non coplanar) linear
joints. The URANE SX (Renault Automation) and the QUICK-
STEP (Krause & Mauser) are 3-axis PKM with three non copla-
nar horizontal linear joints. The SPRINT Z3 (DS Technology)
is a 3-axis PKM with one degree of translation and two degrees
of rotations. A hybrid parallel/serial PKM with three parallel in-
clined linear joints and a two-axis wrist is the GEORGE V (IFW
Uni Hanover).

PKMs of the second family are more interesting because the
actuators are fixed and thus the moving masses are lower than in
the hexapods and tripods.

The orthoglide presented in this article is a �-axis transla-
tional parallel kinematic machine with variable foot points and
fixed length struts. Figure 1 shows the general kinematic archi-
tecture of the orthoglide.

The orthoglide has three parallel ����� identical chains
(where � , � and �� stands for Prismatic, Revolute and Parallel-
ogram joint, respectively). The actuated joints are the three or-
thogonal linear joints. These joints can be actuated by means of
linear motors or by conventional rotary motors with ball screws.
The output body is connected to the linear joints through a set
of three parallelograms of equal lengths � � � �	�, so that
it can move only in translation. The first linear joint axis is
parallel to the �-axis, the second one is parallel to the �-axis
and the third one is parallel to the �-axis. In figure 1, the base
points 
�, 
� and 
� are fixed on the ��� linear axis such that

�
� � 
�
� � 
�
�, �� is at the intersection of the first
revolute axis �� and the second revolute axis �� of the ��� paral-
lelogram, and 	� is at the intersection of the last two revolute
joints of the ��� parallelogram. When each ��	� is aligned with
the linear joint axis 
��� , the orthoglide is in an isotropic con-
figuration (see 4.4) and the tool center point � is located at the

intersection of the three linear joint axes. In this configuration,
the base points 
�, 
� and 
� are equally distant from � . The
symmetric design and the simplicity of the kinematic chains (all
joints have only one degree of freedom, Fig. 2) should contribute
to lower the manufacturing cost of the orthoglide.

The orthoglide is free of singularities and self-collisions.
The workspace has a regular, quasi-cubic shape. The in-
put/output equations are simple and the velocity transmission
factors are equal to one along the �, � and � direction at the
isotropic configuration, like in a serial ��� machine (Wenger
et al. (2000)).
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Figure 1: Orthoglide kinematic architecture
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3 Kinematic Equations and Singularity Analysis

3.1 Static Equations

Let �� and 
� denote the joint angles of the parallelogram about
the axes �� and ��, respectively (fig. 2). Let ��, ��, �� denote the
linear joint variables, �� � 
���. In a reference frame (O, �, �,
�) centered at the intersection of the three linear joint axes (note
that the reference frame has been translated in Fig. 1 for more
legibility) , the position vector p of the tool center point � can
be defined in three different ways:

� �

�
� �� �� � ������� ����
���� �

�	
���� ����
���
� �	
�
���

�
� (1a)
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� �

�
� � �	
�
���

�� �� � ������� ����
���� �
�	
���� ����
���

�
� (1b)

� �

�
� �	
���� ����
���

� �	
�
���
�� �� � ������� ����
���� �

�
� (1c)

where � � �
�, � � 	�� and we recall that � � ��	�, �� �

���.

3.2 Kinematic Equations

Let �� be referred to as the vector of actuated joint rates and �� as
the velocity vector of point � :

�� � � ��� ��� ���

� � �� � � �� �� ��
�

�� can be written in three different ways by traversing the three
chains 
���	�� :

�� � �� ��� � � ����� � �
����� ��� � ��� (2a)

�� � �� ��� � � ����� � �
����� ��� � ��� (2b)

�� � �� ��� � � ����� � �
����� ��� � ��� (2c)

where �� and �� are the position vectors of the points �� and 	�,
respectively, and �� is the direction vector of the linear joints, for
� � �� ��3.

3.3 Singular configurations

We want to eliminate the two idle joint rates ��� and �
� from
Eqs. (2a–c), which we do upon dot-multiplying Eqs. (2a–c) by
�� � ��:

��� � ���
� �� � ��� � ���

��� ��� (3a)

��� � ���
� �� � ��� � ���

��� ��� (3b)

��� � ���
� �� � ��� � ���

��� ��� (3c)

Equations (3a–c) can now be cast in vector form, namely

� �� � � ��

where A and B are the parallel and serial Jacobian matrices, re-
spectively:

� �

�
� ��� � ���

�

��� � ���
�

��� � ���
�

�
� (4a)

� �

�
� �� � �

� �� �
� � ��

�
� (4b)

with �� � ��� � ���
��� for � � �� �� �.

The parallel singularities (Chablat et al. (1998)) occur when
the determinant of the matrix A vanishes, i.e. when ������ � �.
In such configurations, it is possible to move locally the mobile

platform whereas the actuated joints are locked. These singu-
larities are particularly undesirable because the structure cannot
resist any force. Eq. (4a) shows that the parallel singularities oc-
cur when:

��� � ��� � ���� � ��� � ���� � ���

that is when the points ��, 	�, ��, 	�, �� and 	� are copla-
nar (Fig. 3). A particular case occurs when the links � �	� are
parallel (Fig. 4):

��� � ��� �� ��� � ��� �
�

��� � ��� �� ��� � ��� �
�

��� � ��� �� ��� � ���

x

z
y

Figure 3: Parallel singular configuration when � �	� are coplanar

x

z

y

Figure 4: Parallel singular configuration when � �	� are parallel

Serial singularities arise when the serial Jacobian matrix B is
no longer invertible i.e. when ������ � �. At a serial singularity
a direction exists along which any cartesian velocity cannot be

3



produced. Eq. (4b) shows that ������ � � when for one leg �,
��� � 	�� � ��� � ���.

The optimization of the orthoglide will put the serial and
parallel singularities far away from the workspace (see 4.4).

4 Design and Performance Analysis of the Orthoglide

For usual machine tools, the Cartesian workspace is generally
given as a function of the size of a right-angled parallelepiped.
Due to the symmetrical architecture of the orthoglide, the Carte-
sian workspace has a fairly regular shape in which it is possible
to include a cube whose sides are parallel to the planes ��, ��
and �� respectively (Fig. 5).

The aim of this section is to define the dimensions of the or-
thoglide as a function of the size �����	
��
 of a prescribed cu-
bic workspace with bounded transmission factors. We first show
that the orthogonal arrangement of the linear joints is justified by
the condition on the isotropy and manipulability: we want the
orthoglide to have an isotropic configuration with velocity and
force transmission factors equal to one. Then, we impose that the
transmission factors remain under prescribed bounds throughout
the prescribed workspace and we deduce the link dimensions and
the joint limits.

4.1 Condition Number and Isotropic Configuration

The Jacobian matrix is said to be isotropic when its condition
number attains its minimum value of one (Angeles (1997)). The
condition number of the Jacobian matrix is an interesting perfor-
mance index which characterises the distortion of a unit ball un-
der the transformation represented by the Jacobian matrix. The
Jacobian matrix of a manipulator is used to relate (i) the joint
rates and the Cartesian velocities, and (ii) the static load on the
output link and the joint torques or forces. Thus, the condition
number of the Jacobian matrix can be used to measure the uni-
formity of the distribution of the tool velocities and forces in the
Cartesian workspace.

4.2 Isotropic Configuration of the Orthoglide

For parallel manipulators, it is more convenient to study the con-
ditioning of the Jacobian matrix that is related to the inverse
transformation, 
��. When B is not singular, 
�� is defined
by:

�� � 
�� �� �	�� 
�� � ����

Thus:


�� �

�
� ��������� � ���

�

��������� � ���
�

��������� � ���
�

�
� (5)

with �� � ��� � ���
��� for � � �� �� �.

The matrix 
�� is isotropic when 
��
�� � ������,
where ���� is the �� � identity matrix. Thus, we must have,

�

��
���� � ���� � �

��
���� � ���� � �

��
���� � ���� (6a)

��� � ���
� ��� � ��� � � (6b)

��� � ���
� ��� � ��� � � (6c)

��� � ���
� ��� � ��� � � (6d)

Equation (6a) states that the orientation between the axis of the
linear joint and the link ��	� must be the same for each leg �.
Equations (6b–d) mean that the links � �	� must be orthogonal
to each other. Figure 6 shows the isotropic configuration of the
orthoglide. Note that the orthogonal arrangement of the linear
joints is not a consequence of the isotropy condition, but it stems
from the condition on the transmission factors at the isotropic
configuration (see next section).

4.3 Manipulability Analysis

For a serial ��� machine tool, Fig. 7, a motion of an actuated
joint yields the same motion of the tool (the transmission factors
are equal to one). In the purpose on our study, this factor is
calculated from linear joint to the end-effector.

For a parallel machine, these motions are generally not
equivalent. When the mechanism is close to a parallel singu-
larity, a small joint rate can generate a large velocity of the tool.
This means that the positioning accuracy of the tool is lower in
some directions for some configurations close to parallel singu-
larities because the encoder resolution is amplified. In addition,
a velocity amplification in one direction is equivalent to a loss of
rigidity in this direction.

The manipulability ellipsoids of the Jacobian matrix of
robotic manipulators was defined several years ago (Salisbury
et al. (1982)). This concept has then been applied as a perfor-
mance index to parallel manipulators (Kim (1997)). Note that,
although the concept of manipulability is close to the concept of
condition number, these two concepts do not provide the same in-
formation. The condition number quantifies the proximity to an
isotropic configuration, i.e. where the manipulability ellipsoid is
a sphere, or, in other words, where the transmission factors are
the same in all the directions, but it does not inform about the
value of the transmission factor.

The manipulability ellipsoid of 
�� is used here for (i) justi-
fying the orthogonal orientation of the linear joints and (ii) defin-
ing the joint limits of the orthoglide such that the transmission
factors are bounded in the prescribed workspace.

We want the transmission factors to be equal to one at the
isotropic configuration like for a ��� machine tool. This con-
dition implies that the three terms of Eq. (6) must be equal to
one:

�

��
���� � ���� � �

��
���� � ���� � �

��
���� � ���� � � (7)

which implies that ��� � 	�� and ��� � ��� must be collinear for
each i.

Since, at this isotropic configuration, links ��	� are orthog-
onal, Eq. (7) implies that the links 
��� are orthogonal, i.e. the
linear joints are orthogonal. For joint rates belonging to a unit
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y LWorkspace

Figure 5: Cartesian workspace

x

z

y

Figure 6: Isotropic configuration of the Orthoglide mecanism

ball, namely, �� ���� � �, the Cartesian velocities belong to an el-
lipsoid such that:

��� �

� � �� � �

The eigenvectors of matrix �

� ��� define the direction of its
principal axes of this ellipsoid and the square roots ��, �� and
�� of the eigenvalues of �

� ��� are the lengths of the afore-
mentioned principal axes. The velocity transmission factors in
the directions of the principal axes are defined by �� � ����,
�� � ���� and �� � ����. To limit the variations of this factor

X

Z

Y

Figure 7: Typical industrial �-axis ��� machine-tool

in the Cartesian workspace, we impose

���� � �� � ���� (8)

throughout the workspace. This condition determines the link
lengths and the linear joint limits. To simplify the problem, we
set ���� � ������.

4.4 Design of the Orthoglide for a Prescribed Workspace

The aim of this section is to define the position of the fixed
point 
�, the link lengths � and the linear actuator range ��
with respect to the limits on the transmission factors defined in
Eq. (8) and as a function of the size of the prescribed workspace
�����	
��
.

Our process of optimization is divided into three steps.

1. First, we determine two points �� and �� in the prescribed
cubic workspace such that if the transmission factor bounds
are satisfied at these points, they are satisfied in all the pre-
scribed workspace.

2. The points �� and �� are used to define the leg length � as
function of the size of the prescribed cubic workspace.

3. Finally, the positions of the base points 
� and the linear ac-
tuator range �� are calculated such that the prescribed cu-
bic workspace is fully included in the Cartesian workspace
of the orthoglide.

Step 1: The transmission factors are equal to one at the
isotropic configuration. These factors increase or decrease when
the tool center point moves away from the isotropic configura-
tion and they tend towards zero or infinity in the vicinity of the
singularity surfaces. It turns out that the points �� and �� de-
fined at the intersection of the workspace boundary with the axis
� � � � � (figure 8) are the closest ones to the singularity sur-
faces, as illustrated in figure 9 which shows on the same top view
the orthoglide in the two parallel singular configurations of fig-
ures 3 and 4. Thus, we may postulate the intuitive result that if
the prescribed bounds on the transmission factors are satisfied at
�� and ��, then these bounds are satisfied throughout the pre-
scribed cubic workspace. Although we could not derive a simple
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Figure 9: Points �� and �� and the singular configurations (top
view)

formal proof, we have verified numerically that this result holds.

Step 2: At the isotropic configuration, the angles � � and 
�
are equal to zero by definition. When the tool center point �
is at ��, �� � �� � �� � ���� (Fig. 10). When � is at ��,
�� � �� � �� � ���� (Fig. 11).

We pose ���� � � for more simplicity.
On the axis ������, 
� � 
� � 
� and �� � �� � ��. We

note,


� � 
� � 
� � 
 �
� �� � �� � �� � � (9)

Upon substitution of Eq. (9) into Eqs. (1a–c), the angle 
 can be
written as a function of �,


 � � �����
��	
���� (10)

C1

C2

x

y Q2

B1

B2

A1

A2

Q1

Figure 10: �� configuration

x

y Q2

B1

C1

B2

A2

C2

Q1

A1

��

��

Figure 11: �� configuration

Finally, by substituting Eq. (10) into Eq. (5), the inverse Jacobian
matrix 
�� can be simplified as follows


�� �

�
� � � ��
��� � ��
���
� ��
��� � � ��
���
� ��
��� � ��
��� �

�
�

Thus, the square roots of the eigenvalues of �

� ��� are,

�� � �� ��
���� �� �
� �� � �� � � ��
��� � ��

And the three velocity transmission factors are,

�� �
�

�� ��
���� �� �
� �� � �� �
�

� ��
��� � �� (11)
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Figure 12 depicts ��, �� and �� as function of � along the axis
������.

0

1

2

3

4

5

-180°

�1 �2

�

0° 180°

Q2 Q1

Isotropic configuration

Figure 12: The three velocity transmission factors as function of
� along the axis ������

The joint limits on � are located on both sides of the isotropic
configuration. To calculate the joint limits, we solve the follow-
ing inequations,

�

����

� �

�� ��
���� �� � ���� (12a)

�

����

� �

� ��
��� � �� � ���� (12b)

where the value of ���� depends on the performance require-
ments. Two sets of joint limits (����


��

 and ����


��

) are

found. The detail of this calculation is given in the Appendix.
The position vectors �� and �� of the points �� and ��,

respectively, can be easily defined as a function of � (Figs. 10
and 11),

�� � ��� �� ��

� �
� �� � ��� �� ��


� (13a)

with

�� � � �	
�
��
�� �
� �� � � �	
�
��

�� (13b)

The size of the Cartesian workspace is,

�����	
��
 � ��� � ���

Thus, � can be defined as a function of �����	
��
.

� �
�����	
��


� �	
�
��
�� �	
�
��

��

Step 3: We want to determine the positions of the base
points, namely, �. When the tool center point P is at � �

�
defined

as the projection onto the �-axis of ��, � � � and, (Fig. 13)

�
� � ���

�
���

�
	� � 	�
�

C1

x

y
Q2

B1

B2

A1

A2

Q’1

a

C2

Q1

e

L

Figure 13: The point ��

�
used for the determination of �

with �
� � �, ���

�
� ��, ��

�
	� � �	� � �� and since

� � �, 	�
� � 	��� � �. Thus,

� � �� � �� �

Since �� is known from Eqs. (13a) and (19b), � can be cal-
culated as function of �, � and ����.

Now, we have to calculate the linear joint range �� � ����

(we have posed ����=0).
When the tool center point � is at ��, � � ����. The

equation of the direct kinematics (Eq. (1b)) written at � � yields,

���� � �� � �� �������
� ����
��

��� �

4.5 Prototype

Using the aforementioned two kinetostatic criteria, a small-scale
prototype is under development in our laboratory. The mechani-
cal structure is now finished, (Fig. 14). The actuated joints used
for this prototype are rotative motors with ball screws. The pre-
scribed performances of the orthoglide prototype are a Carte-
sian velocity of ������ and an acceleration of ������ at the
isotropic point. The desired payload is � !. The size of its pre-
scribed cubic workspace is ���� ���� ��� ��. We limit the
variations of the velocity transmission factors as,

��� � �� � � (14)

The resulting length of the three parallelograms is � � �����
and the resulting range of the linear joints is � � � ��� ��.
Thus, the ratio of the range of the actuated joints to the size of the
prescribed Cartesian workspace is " � ������� � ����. This
ratio is high compared to other mechanisms. The three velocity
transmission factors are depicted in Fig. 15. These factors are
given in a �-cross section of the Cartesian workspace passing
through ��.
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Figure 14: The orthoglide prototype
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Figure 15: The three velocity transmission factors in a �-cross
section of the Cartesian workspace passing through ��

5 Conclusions

Presented in this paper is a new kinematic structure of a PKM
dedicated to machining applications: the Orthoglide. The main
feature of this PKM design is its trade-off between the popular
serial PPP architecture with homogeneous performances and the
parallel kinematic architecture with good dynamic performances.

The workspace is simple, regular and free of singularities
and self-collisions. The Jacobian matrix is isotropic at a point
close to the center point of the workspace. Unlike most existing
PKMs, the workspace is fairly regular and the performances are
homogeneous in it. Thus, the entire workspace is really available
for tool paths. In addition, the orthoglide is rather compact com-
pared to most existing PKMs. A small-scale prototype of this
mechanism is under construction at IRCCyN. First experiments
with plastic parts will be conducted. The dynamic analysis has
not been reported in this article. A rigid dynamic model has been
proposed in (Guegan et al. (2002) and an elastic dynamic model
is now being developed with the software package Meccano.
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6 Appendix

To calculate the joint limits on � and 
, we solve the followings
inequations, from the Eqs. 12,

�� ��
��� � �� � ���� (15a)

�

�� ��
��� � �� � ���� (15b)

Thus, we note,

#� � �� ��
��� � �� #� � ���� ��
��� � �� (16a)

Figure (16) shows #� and #� as function of � along ������. The
four roots of #� � #� in ��$ $
 are,

�� � � �����

�
�� �

�
�����

�
(17a)

�� � � �����
 ����� (17b)

�� � � (17c)

�� � �����

�
��� �

�
�����

�
(17d)

with

#����� � ��� �
�
����� #����� � � (17e)

#����� � � #����� � �� �
�
����� (17f)
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Figure 16: #� and #� as function of � along ������

and

#���� � � ���
 � � �����
������ $ (18a)

#���� � � ���
 � � �����
������ (18b)

The isotropic configuration is located at the configuration where
� � 
 � �. The limits on � and 
 are in the vicinity of this
configuration. Along the axis ������, the angle � is lower than
� when it is close to ��, and greater than � when it is close to
��.

To find ���
, we study the functions #� and #� which are both

decreasing on �� �����
�����
. Thus, we have,

���
� �����


�
���� � �

�����

�
(19a)


��
� � �����


	
���� � �


���
��� � ����� � �

�
(19b)

In the same way, to find ���
, we study the functions #� and #�

on ��� �
. The three roots ��, �� and �� define two intervals. If
���� � �#����� #�����
, we have,

���
� � �����


�
���� � �

����

�
(20a)


��
� �����


	
���� � �


���
��� � ����� � �

�
(20b)

otherwise, if ���� � �#����� #�����
,

���
� � �����


�
���� � �

�

�
(20c)


��
� �����


	
���� � �


����
� � ����� � �

�
(20d)
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Abstract: A class of LTPMs (3-legged 3-DOF translational par-
allel manipulators with linear Input-Output equations) is first
proposed. The proposed LTPMs may or may not contain some
inactive joints or redundant DOFs. The inverse kinematics, the
forward kinematics, and the kinematic singularity analysis of the
LTPMs are then performed. The analysis shows that the pro-
posed LTPMs have the following kinematic merits, namely: (1)
The forward displacement analysis and the inverse displacement
analysis can be performed by solving a set of linear equations;
(2) The Jacobian matrix of the LTPMs is constant. The inverse of
the Jacobian matrix can be pre-calculated, and there is no need
to calculate repeatedly the inverse of the Jacobian matrix in per-
forming the forward displacement analysis and the forward ve-
locity analysis; (3) There exists no rotation singularity; (4) There
exists no uncertainty singularity. Finally, the geometric condi-
tion for a LTPM to be isotropic is also revealed. Two additional
kinematic merits exist for the isotropic LTPM. The first is that an
isotropic LTPM is isotropic in any of its configurations within its
workspace. The second is that fewer calculations are needed in
order to pre-determine the inverse of the Jacobian matrix.

Key words: Translational parallel manipulator, Kinemat-
ics, Singularity analysis, Isotropic manipulator, Screw theory,
Linear Input-Output equations

1 Introduction

Three-DOF translational parallel manipulators (TPMs) have a
wide range of applications such as assembly and machining.
Several types of TPMs have been proposed (Clavel, 1990; Ap-
pleberry, 1992; Herv́e and Sparacino, 1991; Hervé, 1995; Di Raf-
faele and Parenti-Castelli, 1998; Tsai, 1999a,b; Zhao and Huang,
2000; Carricato and Parenti-Castelli, 2001; Jin and Yang, 2001).
Systematic studies on the generation of 3-DOF TPMs are per-
formed using respectively the displacement group theory (Hervé
and Sparacino, 1991; Hervé, 1995), screw algebra (Frisoli et al.,
2000) or screw theory (Kong and Gosselin, 2001a). It is revealed

in (Di Raffaele and Parenti-Castelli, 1999) that there exists rota-
tion singularities for the 3-UPU TPMs.

In fact, previous works on the systematic type synthesis of
TPMs (Herv́e and Sparacino, 1991; Frisoli et al., 2000; Kong and
Gosselin, 2001a) deal mainly with the systematic type synthesis
of translational parallel kinematic chains.1 Some important is-
sues in obtaining TPMs such as the selection of inputs (Kong
(1999)), have not been dealt with systematically.

Recently, Kong and Gosselin (2001b, 2002) revealed the
condition for all the translational degrees of freedom of the C
(cylindrical) joints of the 3-CRR translational parallel kinematic
chain, which is proposed in Hervé and Sparacino (1991), to be
actuated and thus proposed a 3-CRR TPM with linear actua-
tors. Here and throughout, C, P and R are used to denote a C
joint whose translational DOF is actuated, an actuated prismatic
joint and an unactuated revolute joint respectively. It has been
revealed that both the forward displacement analysis and the in-
verse displacement analysis of the 3-CRR TPM can be solved by
solving a set of linear equations.

This paper tries to perform a systematic study on LTPMs
(3-legged 3-DOF translational parallel manipulators with lin-
ear Input-Output equations) based on the results of type synthe-
sis of translational parallel kinematic chains (Hervé and Spara-
cino, 1991; Herv́e, 1995; Frisoli et al., 2000; Kong and Gosselin,
2001a) as well as our previous work (Kong and Gosselin, 2002).
In Section 2, the geometric description of a class of LTPMs is
first given. The inactive joints, the dependent joint groups and
the redundant DOFs of LTPMs are revealed. The rotation sin-
gularity analysis is also performed. The inverse kinematics and
forward kinematics is dealt with in Section 3. In Section 4, the
kinematic singularity analysis of the LTPMs is investigated. The
geometric condition for the isotropic LTPMs is revealed in Sec-
tion 5. Finally, conclusions are drawn.

1A translational parallel kinematic chain differs from a translational parallel
manipulator in that the inputs have not been selected in the former while the
inputs have been selected in the latter.
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2 Description of the LTPMs

2.1 Proposed LTPMs

Each of the proposed LTPMs (Kong and Gosselin (2001b)) is
composed of a base and a moving platform connected by three
legs2 in parallel (Fig. 1, Here and throughout, each of the R joints
with parallel axes within a leg for LTPMs is denoted byR̄.) . The
proposed LTPMs satisfy the following conditions.

(a1) Each leg for parallel manipulators is composed of a
group of at least three R joints with parallel axes and at most
one R joint whose axis is not parallel to the axes of the R joints
in the group of R joints with parallel axes, while the axis of the P
joint is not perpendicular to the axes of the R joints in the group
of R joints with parallel axes.

(a2) For a parallel manipulator in which all the axes of the R
joints in each of its legs are parallel, the axes of all the R joints
of the parallel manipulator should not be parallel to a line. For
a parallel manipulator in which not all the axes of the R joints
in each of its legs are parallel and for which the R joints not be-
longing to the groups of R joints with parallel axes are connected
to the moving platform or the base through a P joint or located
on the moving platform or the base, then the three lines, each of
which is perpendicular to the axes of all the R joints of one leg,
should not be parallel to a plane.

(b) The axes of all the R joints in all the groups of R joints
with parallel axes are not parallel to a plane.

(c) All P joints are actuated.

As will be proved in the following sections, the PMs satis-
fying the above conditions are LTPMs.

2.2 Working principle of LTPMs

2.2.1 Proposed PMs are TPMs

In screw theory, the motion and constraints of a kinematic chain
are represented by screw systems, which are termed as twist sys-
tems and wrench systems respectively (see Hunt (1978) and Ku-
mar et al. (2000) for example).

Under condition (a1), the wrench system of a leg will be a
2-system of∞-pitch 3 in the case of a leg in which the axes of
the R joints are all parallel or a 1-system of∞-pitch in the case
of a leg in which not all the axes of the R joints are parallel. It
is noted that the axis of each wrench of a leg is perpendicular to
the axes of all the R joints within the same leg.

Under conditions (a1) and (a2), the wrench system of the
parallel manipulator, which is the union of the wrench systems
of all its legs, will be a 3-system of∞-pitch. The 3 DOFs of rota-
tion of the moving platform are thus eliminated, and the moving
platform can only translate with respect to the base.

2A leg in a parallel manipulator is a serial kinematic chain connecting the
base and the moving platform. It is also called a limb.

3A∞-pitch wrench is actually a couple in common usage.
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Figure 1: Proposed LTPMs.
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2.2.2 All P joints can be actuated

Under condition (b), the union of the effective wrenches of all
legs form a 3-system of 0-pitch. Once the inputs of the P joints
are given, the translation of the moving platform can be deter-
mined.

The effective wrenches4 of a leg are the wrenches reciprocal
to all the twist of its joints except the twist of the actuators. It is
noted that the axes of the effective wrenches of a leg for LTPM
is parallel to the axes of the R joints in the group of R joints with
parallel axes.

2.3 Inactive joints, dependent joint groups, redundant
DOFs of a LTPM

2.3.1 Inactive joints and dependent joint groups of a LTPM

A general leg for LTPMs is composed of(n − 1) R joints and 1
P joint. For the purposes of simplification, the P joint is labeled
with 1, while the R joints are labeled with 2, 3,· · ·, andn in the
sequence from the base to the moving platform.

The infinitesimal change of orientation of the moving plat-
form in a serial kinematic chain undergoing infinitesimal joint
motion is

∆R =
n∑

i=2

(∆θisi) (1)

where∆R and∆θi denote the infinitesimal change of orientation
of the moving platform and the infinitesimal joint motion of joint
i respectively;si denotes the unit vector along the axis of jointi
before the infinitesimal motion.
For a TPM, there exists

∆R = 0 (2)

Substitution of Eq. (1) into Eq. (2) yields

n∑
i=2

(∆θisi) = 0 (3)

Case 1Legs in which all the axes of the R joints are parallel.
For a leg in which all the axes of the R joints are parallel,

there exists

sn = sn−1 = · · · = s2 (4)

Substitution of Eq. (4) into Eq. (3) yields

n∑
i=2

∆θis2 = 0 (5)

Solving Eq. (5), we have

n∑
i=2

∆θi = 0 (6)

4Similar terms have been defined previously by several authors (e.g., Agrawal
(1991)).

Case 2Legs in which not all the axes of the R joints are parallel.
For the purposes of simplification, we make the assumption

that the only R joint whose axis is not parallel to the axes of the
other R joints are labeled with 2. For a leg in which not all the
axes of the R joints are parallel, there exists

sn = sn−1 = · · · = s3 6= s2 (7)

Substitution of Eq. (7) into Eq. (3) yields

∆θ2s2 +
n∑

i=3

∆θis3 = 0 (8)

Solving Eq. (8), we have

∆θ2 = 0 (9)

and

n∑
i=3

∆θi = 0 (10)

Eqs. (6) and (10) show that the R joints with parallel axes
within the same leg constitute a dependent joint group (Fig. 1).
Eq. (9) shows that in a leg in which not all the axes of the R joints
are parallel, the only R joint whose axis is not parallel to the axes
of the other R joints is inactive (Figs. 1(b)–1(d) and 1(f)–1(h)).

Inactive joints have been intensionally used in Kong and
Gosselin (2001b) to reduce the number of over-constraints of a
TPM. Kim also proposed a TPM containing an inactive joint in
each of its legs (Kim, 2001). However, he may not have real-
ized that these joints were inactive since he didn’t mention the
inactive joint.

2.3.2 Redundant DOFs of a LTPM

For a LTPM, if there existn(n > 3) R joints with parallel axes
in one of its leg, there exist(n − 3) redundant DOFs within the
n R joints.

The redundant DOFs do not affect the Input-Output equa-
tions of the LTPMs (Figs. 1(c) and 1(d)). However, they can be
used in link-interference avoidance or in auxiliary operation of
the LTPM.

2.4 Rotation singularity analysis of the LTPM

The rotation singularity (Di Raffaele and Parenti-Castelli, 1999)
occurs when the moving platform of a TPM can rotate instanta-
neously.

It is clear that the rotation singularity occurs for a TPM if
and only if its wrench system (a 3-system of∞-pitch) degener-
ates into a 2-system or 1-system.

For those LTPMs with no inactive joints and those LTPMs in
which all the inactive joints are connected to the moving platform
or the base through a P joint or located on the moving platform
or the base, the wrench system of a leg for LTPMs is invariant
(Section 2.2). The order of the wrench system of these LTPM is
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thus a constant. Thus, the moving platform cannot rotate at any
instant. That is to say, there is no rotation singularity for these
LTPMs.

For other LTPMs, the wrench system of a leg for LTPMs is
not invariant. When the three lines, each of which is perpendic-
ular to the axes of all the R joints within one leg, are parallel to a
plane, the rotation singularity occurs.

2.5 Preferred LTPMs

By changing the order of different joints, many types of LTPMs
can be obtained. For practical reason, LTPMs should satisfy the
following conditions.

• (1) All the legs of a LTPM are of the same type.

• (2) Each of the actuators is located on or connected through
an inactive joint to the base.

• (3) The LTPM has no rotation singularity.

• (4) The number of redundant DOF of a leg is not greater
than 1.

• (5) The number of inactive joint of a leg is not greater than
1.

The LTPMs satisfying the above conditions are shown in
Fig. 1. The number of inactive joints, the redundant DOF and the
number of over-constraints of these LTPMs are listed in Table 1.

Table 1: LTPMs

No Type Number of Redundant Number of

inactive joints DOFs over-constraints

1 3-PR̄R̄R̄ 0 0 3

2 3-PR̄R̄R̄R 3 0 0

3 3-PRR̄R̄R̄ 3 0 0

4 3-RPR̄R̄R̄ 3 0 0

5 3-PR̄R̄R̄R̄ 0 3 3

6 3-PR̄R̄R̄R̄R 3 3 0

7 3-PRR̄R̄R̄R̄ 3 3 0

8 3-RPR̄R̄R̄R̄ 3 3 0

When a combination of one R joint and one P joint with
parallel axes arises, or a combination of two R joints with inter-
secting non-parallel axes arises, they can be replaced with a C
joint and U (universal) joint respectively. Many specific cases of
LTPMs can be obtained in this way. For brevity reason, we only
give the specific cases of LTPMs when necessary.

2.6 Equivalent LTPM

It is clear that the removal of the inactive joints and redundant
joints from a LTPM does not affect the Input-Output equations
of the LTPM. The LTPM thus obtained from a LTPM by remov-
ing all the inactive joints and redundant joints is termed as the
equivalent LTPM of the original LTPM.

It is found that the LTPMs proposed above have the same
equivalent LTPM, namely, the 3-P̄RR̄R̄ LTPM 5 described above.

3 Kinematic analysis of LTPMs

As all the LTPMs are kinematically equivalent to the 3-PR̄R̄R̄
LTPM, the kinematic analysis of all the LTPMs can be performed
in the same way as that of the 3-PR̄R̄R̄ LTPM.

To study the kinematics of the 3-P̄RR̄R̄ LTPM, two coordi-
nate systems,P −XP YP ZP andO −XY Z, are attached to its
moving platform and base respectively. In legi (denoted by the
subscripti), let Bi denote a point on the axis of the R joint on
the moving platform,Ci denote a point on the axis of the R joint
adjacent to the P joint,Ai denote a point on the axis of the P
joint on the link connected to the base by the P joint,Ai0 denote
the point on the base which is coincident with the initial position
of Ai, si2 denote the unit vector along the R joint,si1 denote the
unit vector along the P joint,bPi denote the vector fromP to Bi,
cAi denote the vector fromAi to Ci, ai andai0 denote respec-
tively the position vectors ofAi andAi0 in the coordinate system
O −XY Z, andSi denote the inputi of the 3-P̄RR̄R̄ LTPM.

For purposes of simplification and without loss of generality,
theXP -, YP -, ZP -axes of the coordinate systemP −XP YP ZP

are respectively parallel to theX-, Y -, Z-axes of the coordinate
systemO−XY Z, Bi andCi are chosen in such a way thatAiCi

is perpendicular tosi2.

3.1 Inverse kinematics of the 3-P̄RR̄R̄ LTPM

3.1.1 Inverse displacement analysis

The inverse displacement analysis of the 3-PR̄R̄R̄ LTPM consists
in determining the required inputs,Si (i=1, 2, 3), for a given po-
sition,p, of the moving platform, wherep is the vector directing
from pointO to pointP .

As there exists no rotation singularity for the 3-PR̄R̄R̄
LTPM, CiBi (i=1, 2, 3) is perpendicular to the axis of the R
joint i at any instant, i.e.,

sT
i2[p + bPi − (ai0 + Sisi1 + cAi)] = 0 i=1, 2, 3 (11)

Expanding Eq. (11), we have

sT
i2si1Si = sT

i2(p + bPi − ai0 − cAi) i=1, 2, 3 (12)

From condition (a1) in Section 2.1, we havesT
i2si1 6= 0. Solv-

ing Eq. (12), we obtain the solution to the inverse displacement

5The 3-PRRR translational parallel kinematic chain was implicitly proposed
by Herv́e and Sparacino (1991).
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analysis

Si = sT
i2(p + bPi − ai0 − cAi)/sT

i2si1 i=1, 2, 3 (13)

For anyp within the workspace, the distance between points
Bi andCi is no greater than the total of the lengths of all the RR
binary links in legi. In the case the distance between pointsBi

andCi is greater than the total of the lengths of all the RR binary
links in legi, the set of inputs are invalid as the LTPM cannot be
assembled.

Let ∆p denote an increment ofp and∆Si denote the corre-
sponding increment ofSi. From Eq. (13), we have

Si + ∆Si = sT
i2(p + ∆p + bPi − ai0 − cAi)/sT

i2si1 i=1, 2, 3 (14)

Subtracting Eq. (13) from Eq. (14), we obtain the solution to the
inverse displacement analysis in incremental form

∆Si = sT
i2∆p/sT

i2si1 i=1, 2, 3 (15)

3.1.2 Inverse velocity analysis

The inverse velocity analysis of the 3-PR̄R̄R̄ LTPM con-
sists in determining the required velocities of the actuators,
Ṡi(=dSi/dt), for a given velocity,v=(dp/dt), of the moving
platform in a given configuration.

Differentiating Eq. (13) with respect to time, we obtain the
solution to the inverse velocity analysis

Ṡi = sT
i2v/sT

i2si1 i=1, 2, 3 (16)

3.2 Forward kinematics of the 3-P̄RR̄R̄ LTPM

3.2.1 Forward displacement analysis

The forward displacement analysis of the 3-PR̄R̄R̄ LTPM con-
sists in determining the position,p, of the moving platform for a

given set of inputs,Si.
From Eq. (11), we have

sT
i2p = sT

i2(ai0 + cAi + Sisi − bPi) i=1, 2, 3 (17)

Rewriting Eq. (17) in matrix form, we have

J1p =

 sT
12(a10 + cA1 + S1s11 − bP1)

sT
22(a20 + cA2 + S2s21 − bP2)

sT
32(a30 + cA3 + S3s31 − bP3)

 (18)

where

J1 =

 sT
12

sT
22

sT
32

 (19)

Solving Eq. (18), we obtain the solution to the forward displace-
ment analysis

p = J−1
1

 sT
12(a10 + cA1 + S1s11 − bP1)

sT
22(a20 + cA2 + S2s21 − bP2)

sT
32(a30 + cA3 + S3s31 − bP3)

 (20)

It should be pointed out that for a vectorp obtained using
Eq. (20) with a set of valid inputs, the distance between points
Bi andCi is no greater than the total of the lengths of all the RR
binary links in legi. In the case the distance between pointsBi

andCi is greater than the total of the lengths of all the RR binary
links in legi, the set of inputs are invalid as the LTPM cannot be
assembled.

Rewriting Eq. (15) in matrix form, we have

J∆p =

 ∆S1

∆S2

∆S3

 (21)

where

J =

 sT
12/s

T
12s11

sT
22/s

T
22s21

sT
32/s

T
32s31


= diag(1/sT

12s11 1/sT
22s21 1/sT

32s31)J1 (22)

Solving Eq. (21), we obtain the solution to the forward displace-
ment analysis in incremental form

∆p = J−1

 ∆S1

∆S2

∆S3

 (23)

where

J−1 = J−1
1 diag(sT

12s11 sT
22s21 sT

32s31) (24)
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3.2.2 Forward velocity analysis

The forward velocity analysis of the 3-P̄RR̄R̄ LTPM consists in
determining the velocity,v, of the moving platform for a given
set of velocities of the actuators,Ṡi, in a given configuration.

Rewriting Eq. (16) in matrix form, we have Ṡ1

Ṡ2

Ṡ3

 = Jv (25)

Solving Eq. (25), we obtain the solution to the forward velocity
analysis

v = J−1

 Ṡ1

Ṡ2

Ṡ3

 (26)

3.3 Discussion on the Jacobian MatrixJ

From Eq. (22), it can be found that each row of the Jacobian
matrix,J, is proportional to the unit vector along the axes of the
R joints within one leg. As the unit vector along the axes of all
the R joints are invariant, the Jacobian matrix,J, is constant.

For a given 3-P̄RR̄R̄ LTPM, the inverse ofJ is therefore also
constant and can be pre-calculated. Thus, there is no need to cal-
culateJ−1 repeatedly in performing the forward position anal-
ysis and forward velocity analysis of the 3-PR̄R̄R̄ LTPM. This
simplifies to a great extent the real-time control of the 3-PR̄R̄R̄
LTPM.

As J andJ−1 are constant, from Eqs. (21) and (23), there
will be a same∆p corresponding to a given∆Si in any config-
uration of a LTPM, and vice visa. Thus, both the inverse dis-
placement analysis and the forward displacement analysis will
be further simplified if the LTPM is used with relative position
control.

4 Kinematic singularity analysis of the LTPMs

4.1 Inverse kinematic singularity analysis

The inverse kinematic singularities occur for a parallel manipu-
lator when the order of the twist system of any one of the legs
decreases instantaneously. For a leg for LTPMs, an inverse kine-
matic singularity occurs if and only if the axes of all the R joints
with parallel axes are coplanar. In this case, the distance between
pointsBi andCi is equal to the total of the lengths of all the
RR binary links in legi. These configurations correspond to a
boundary of the workspace. The inverse kinematic singularities
at the boundary of the workspace can be eliminated by limiting
the range of motion of the actuated joints.

4.2 Uncertainty singularity analysis

When uncertainty singularities occur for a parallel manipulator,
the moving platform can undergo infinitesimal or finite motion

when the inputs are locked. It will be proved below that there
exists no uncertainty singularity for the LTPMs.

From Section 2.4, it is known that there exists no rotation
singularity for the LTPMs. Thus, Eq. (25) is always satisfied.
Uncertainty singularities for the LTPMs occur if and only ifJ is
singular.

From Section 3.3, it is known that each row of the Jacobian
matrix,J, is proportional to the unit vector along the axes of the
R joints of the group of R joints with parallel axes of one leg.
As the axes of the R joints belong to the groups of R joints with
parallel axes are not all parallel to a common plane (see Section
2), J is always non-singular. There thus exists no uncertainty
singularity for the LTPMs.

4.3 Discussion on the choice of working mode

The working mode of a parallel manipulator is introduced in
Chablat and Wenger (1998) for a better control and application of
parallel manipulators. However, the definition of working mode
given in Chablat and Wenger (1998) does not apply to the LTPMs
proposed here since it is defined based on the Input-Output ve-
locity equation and the unactuated joint variables are neglected.
In this section, the working mode of parallel manipulators is gen-
eralized to cover the LTPMs with no redundant DOF. The choice
of working mode of LTPMs is also discussed.

In performing the inverse displacement analysis of a parallel
manipulator, any one of its legs can be treated as a serial manip-
ulator. The concept of postures of serial manipulator can also
be applied to a leg in a parallel manipulator. A working mode
of a parallel manipulator is defined as a combination of the pos-
tures of all its legs. For a parallel manipulator having multiple
solutions to its inverse displacement analysis, there are multiple
working modes. The postures of at least one leg are different in
different working modes of a parallel manipulator.

Consider a LTPM with no redundant DOF. For a given po-
sition of the moving platform, there usually exist two sets of so-
lutions to the joint variables of the unactuated joints for each leg
and eight solutions to the inverse displacement analysis of the
LTPM. The LTPM has thus 8 working modes. The joint variables
of the unactuated joints in at least one leg are different between
two working modes while the inputs are the same for a given
position of the moving platform. Different working modes are
separated by the inverse singularity of one or more legs. If the
link interference is neglected and the ranges of joint motions are
not limited, the workspaces of the manipulator under the differ-
ent working modes are the same.

In practice, the assembly mode with higher stiffness and in
which link interference can be easily avoided should be selected
to perform a required task. If the inverse kinematic singulari-
ties at the boundary of the workspace are eliminated by limiting
the range of motion of the actuated joints, a LTPM will always
remains in the working mode in which it was first assembled.
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Figure 3: Isotropic 3-CR̄R̄ TPM (Kong and Gosselin, 2002).

5 Isotropic LTPMs

An isotropic manipulator (Angeles, 1997) is a manipulator
whose Jacobian matrix has a condition number equal to 1 in at
least one of its configurations. In isotropic configurations, the
manipulator performs very well with regard to the force and mo-
tion transmission. Except the 3-CRR TPM proposed in Kong
and Gosselin (2002), isotropic manipulators proposed so far are
isotropic only in a small portion of their workspace. In the
following, the geometric condition which renders the LTPMs
isotropic will be revealed and it will be proved that the isotropic
LTPMs are isotropic in their whole workspace.

As each row of the Jacobian matrix,J, is proportional to the
unit vector along the axes of R joints in the group of R joints
with parallel axes of one leg (Section 3.3), it can be easily found
that when the axes of the three R joints are orthogonal and the
abs(sT

i2si1) for all three legs are equal, the LTPM is isotropic,
i.e., the condition number of the Jacobian matrix is 1. As the
Jacobian matrix,J, of the LTPM is constant (Section 3.3), the
isotropic LTPM is isotropic in its whole workspace.

In this case,J1 (see Eq. (19)) is an orthogonal matrix. One
has

J−1
1 = JT

1 (27)

Substitution of Eq. (27) into Eq. (24) yields

J−1 =
[

sT
12s11s12 sT

22s21s22 sT
32s31s32

]
(28)

Thus, fewer calculations are needed in obtaining the inverse
of the Jacobian matrix when performing the forward kinematic
analysis of isotropic LTPM. Moreover, if the coordinate system
O−XY Z fixed to the base is defined such that vectorss12, s22,
ands32 are respectively aligned with theX-, Y -, andZ-axes of
O−XY Z, then the Jacobian matrix becomes a constant diagonal
matrix with identical elements. Hence the inverse displacement
analysis as well as the forward displacement analysis and the as-
sociated velocity problems are further simplified.

In order to make a comprehensive comparison of the
LTPMs, several prototypes are being developed in the Robotics
Laboratory at Laval University. In addition to the isotropic 3-
CRR LTPM shown in Fig. 3, the isotropic 3-P̄RR̄R̄R LTPM

Figure 4: Isotropic 3-P̄RR̄R̄R TPM.

with the axes of actuators arranged in parallel (Fig. 4) is another
potential application. As compared with the isotropic 3-CRR
LTPM, the isotropic 3-P̄RR̄R̄R LTPM is not-overconstrained and
has a larger workspace along the the direction parallel to the axes
of the P joints.

6 Conclusions

A class of LTPMs has been proposed. The LTPMs may or may
not contain some inactive joints and redundant DOFs. The in-
verse kinematics, the forward kinematics, and the kinematic sin-
gularity analysis of the LTPMs have been performed. It has been
shown that the proposed LTPMs have the following kinematic
merits, namely: (1) Both the forward displacement analysis and
the inverse displacement analysis can be performed by solving a
set of linear equations. There exists only one solution to the po-
sition of the moving platform for a given set of inputs, and vice
versa; (2) The Jacobian matrix of the LTPMs is constant. The
inverse of the Jacobian matrix can be pre-calculated, and there is
no need to calculate repeatedly the inverse of the Jacobian matrix
in performing the forward displacement analysis and forward ve-
locity analysis; (3) There exists no rotation singularity; (4) There
exists no uncertainty singularity.

The geometric condition which makes the LTPMs isotropic
has also been revealed. Two additional kinematic merits exist
for the isotropic LTPMs. The first is that an isotropic LTPM is
isotropic in its whole workspace. The second is that fewer cal-
culations are needed to pre-determine the inverse of the Jacobian
matrix.

Two approaches have been adopted in the work of this paper,
i.e., the approach based on screw theory and the method based on
the differentiation of the constraint equations. The first approach
is used in the rotation singularity analysis and the inverse singu-
larity analysis while the second approach is used in the velocity
analysis and the uncertainty singularity analysis. In this way, the
above problems are solved in the most concise manner.

The results of this paper should be of great interest in the
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development of fast TPMs and high-performance parallel kine-
matic machines.
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Goulet for building the CAD and plastic models of the isotropic
LTPMs.

References

Agrawal, S. K., 1991, “Study of an In-Parallel Mechanism Using
Reciprocal Screws,”Proceedings of the Ninth World Congress
on the Theory of Machines and Mechanisms, Prague, August
26-31, Vol. 2, pp. 405-408.

Angeles, J., 1997,Fundamentals of Robotic Mechanical Sys-
tems, Springer-Verleg New York Inc., pp. 174-190.

Appleberry, W. T., 1992, “Anti-Rotation Positioning Mecha-
nism,” United States Patent, No. 5156062.

Carricato, M., and Parenti-Castelli, V., 2001, “Position Analysis
of a New Family of 3-DOF Translational Parallel Robot Ma-
nipulators,” DETC2001/DAC-21036,Proceedings of the 2000
ASME Design Engineering Technical Conferences,

Chablat, D. and Wenger, Ph., 1998, “Working Modes and As-
pects in Fully Parallel Manipulators,”Proceedings of the 1998
IEEE International Conference on Robotics& Automation,
Leuven, Belgium, pp. 1964 - 1969.

Clavel, R., 1990, “Device for the Movement and Positioning of
an Element in Space,”United States Patent, No. 4976582.

Di Raffaele, R., and Parenti-Castelli V., 1998, “A Translational
3-DOF Parallel Manipulator,”Advances in Robot Kinemat-
ics: Analysis and Control, J. Lenařcič and M. L. Husty, eds.,
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Hervé, J. M., 1995, “Design of Parallel Manipulators via the Dis-
placement Group,”Proceedings of the Ninth World Congress
on the Theory of Machines and Mechanisms, Milan, Italy,
Vol. 3, pp. 2079-2082.

Hunt, K. H., 1978,Kinematic Geometry of Mechanisms. Cam-
bridge University Press.

Jin, Q., and Yang, T.L., 2001, “Position Analysis for a Class
of Novel 3-DOF Translational Parallel Robot Mechanisms,”
DETC2001/DAC-21151,Proceedings of the 2000 ASME De-
sign Engineering Technical Conferences.

Kim, D., 2001.,Analytical Formulation of Kinematics of Parallel
Manipulators, Ph. D thesis, Pohang University of Science and
Technology, Korea.

Kong, X., 1999,Detection of input interference in spatial link-
ages, Journal of Mechanical Transmission (in Chinese),23(4),
pp. 23-25

Kong, X., and Gosselin, C. M., 2001a, “Generation
of Parallel Manipulators with Three Translational De-
grees of Freedom Based on Screw Theory,”Proceed-
ings of 2001 CCToMM Symposium on Mechanisms, Ma-
chines and Mechatronics, Saint-Hubert (Montreal), URL:
http://www.cim.mcgill.ca/̃ alexvit/SM3/Content.htm.

Kong, X., and Gosselin, C. M., 2001b, ”Analytical parallel ma-
nipulators with three translational degreed of freedom,”Cana-
dian Provisional Patent Application(Submitted).

Kong, X., and Gosselin, C. M., 2002, Kinematics and Singularity
Analysis of a Novel Type of 3-CRR 3-DOF Translational Par-
allel Manipulator,”International Journal of Robotics Research
(To appear).

Kumar, V., Waldron, K. J., Chrikjian, G., and Lipkin, H., 2000,
“Applications of Screw System Theory and Lie Theory to Spa-
tial Kinematics: A Tutorial,”2000 ASME Design Engineering
Technical Conferences.

Tsai, L. W., 1999,Robot Analysis: the Mechanics of Serial and
Parallel Manipulators, John Willey& Sons Inc..

Tsai, L. W., 1999, “The Enumeration of a Class of Three-
DOF Parallel Manipulators,”Proceedings of the Tenth World
Congress on the Theory of Machines and Mechanisms, Oulu.
Vol. 3, pp. 1121-1126.

Zhao, T. S., and Huang, Z., 2000, “A novel Three DOF
Translational Platform Mechanism and Its Kinematics,”
DETC2000/MECH-14101,Proceedings of 2000 ASME De-
sign Engineering Technical Conferences.

8



 

 
Regular Papers:  Kinetostatic Analysis 

Thursday, October 3, 2002, 10:45AM 

 

Session Chairs:  J. Dai and T. Huang 

1. U.A. Tol, J.-P. Clerc, G.J. Wiens, 3-08-02/13  
      “Micro/Macro Approach for Dexterity Enhancement of PKM’s”. 
 
2. J.L. Herder 
      “Some Considerations Regarding Statically Balanced Parallel Mechanisms (SBPM’s)”. 
 
3. S. Krut, O. Company, F. Pierrot 
      “Velocity Performance Indexes for Parallel Mechanisms with Actuation Redundancy”. 
 
4. M.J.D. Hayes 
      “Architecture Independent Workspace Analysis of Planar Three-Legged Manipulators” 
 
 

 



 1

Proceedings of the WORKSHOP on 
Fundamental Issues and Future Research Directions for Parallel Mechanisms and Manipulators 

October 3–4, 2002, Quebec City, Quebec, Canada 
Clément M. Gosselin and Imme Ebert-Uphoff, editors  

 
 
 
 
 

Micro/Macro Approach for Dexterity Enhancement of PKM’s 
 

Umesh Avadhut Tol 
Department Mechanical Engineering 

University of Florida 
Gainesville, Florida 32611-6300 

umesh@ufl.edu 

Jean-Philippe Clerc  
Department of Mechanical Engineering 

University of Florida 
Gainesville, Florida 32611-6300 

jpsclerc@lycos.com 
 

Gloria J. Wiens 
Department of Mechanical Engineering 

University of Florida 
Gainesville, Florida 32611-6300 

gwiens@ufl.edu 
 

 
Abstract: The Stewart-Gough, extendable strut type parallel 
kinematic mechanism (PKM) tends to lack sufficient dexterity 
over any sizeable workspace volume.  This is particularly 
true for applications such as robotic deburring and 
machining.  This paper describes the concept of micro/macro 
system integration of a PKM and a two-degree of freedom 
micro-manipulator.  The particular application focus is on 
automated deburring and finishing systems. 
 
1 Introduction 
 
Roots of development of parallel structures can be found in 
the late 1800’s when the first theoretical article on parallel 
structures was published by Maxwell in 1890.  In 1965, 
Stewart developed a 6-degree of freedom parallel structure 
for use as a flight stimulator called the ‘Stewart platform’.  
Since this time parallel kinematics is seen as a promising 
research area, with a wide range of applications.  A recent 
survey shows PKM’s used in robotics, measuring machines, 
machine tools, positioning devices, and other special 
applications related to production.  Equipped with today’s 
fast computing devices, implementation of advanced 
controllers is also being achieved on PKM’s (Tönshoff, 
1998). 
 
However, at the onset of parallel kinematic mechanisms used 
as machine tools, great claims were made regarding their 
dexterity, stiffness and range of motion.  Many of these 
claims were an over statement of the PKM designs 
capabilities (Fassi and Wiens, 2000).  Inspite of recent 
developments, PKM’s have some inherent drawbacks like 
low work volume to size ratio, limited dexterity and 
shrinking of work volume with tilt in platform angles, see 

Figure 1.  Furthermore, PKMs generally do not have ability 
for continuous rotation about its platform’s vertical axis.  
These limitations become a particular problem for 
applications such as finishing and deburring which require 
controlled forces normal to an edge or surface contour.  A 
limited number of PKM’s have been developed for such 
applications, e.g. 3 dof Tricept PKM with deburring head 
attached and shoe deburring PKM (Molinari-Tosatti, et al., 
2000).  To overcome these drawbacks, the University of 
Florida System Automation and Mobility in Manufacturing 
(SAMM) Laboratory has designed a 2-degree of freedom 
micro -manipulator system operating under hybrid controller.  
This paper presents the 2-degree of freedom micro-
manipulator as a subsystem of a micro/macro parallel 
kinematic mechanism as a new approach for increasing the 
dexterity of PKM’s therefore, providing a vectorized 
rotational dexterity for finishing complex shapes and 
contours, see Figure 2. 
 

2 Background 
 
Deburring operations are expensive and increase the cost of 
manufacturing.  Burrs are sharp and relatively small 

 Horizontal Platform                Platform Tilted 15 degrees 
 

Figure 1.  Workspace Reduction with Dexterity 
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projections that form along the edges on the work piece that 
is machined or stamped.  In most cases, these burrs must be 
removed for improved product/system performance, safety, 
cost, ease of assembly, elimination of stress risers, proper 
tolerancing, appearance, etc. 
 

 
 
 

(a) Side View 
 

 
 

(b) Final Assembly 
 
Figure 2.  UF-SAMM Laboratory Micro/Macro Automated 

PKM Finishing System 
 

In manual deburring a person moves a deburring knife/file or 
a high-speed cutting tool along the desired edges of the work 
piece, maintaining a constant normal force on the tool.  This 
process is time consuming and involves risk of part rejection, 
especially in cases of complex and thin walled sections.  Due 
to repetitive task injuries and the hostile environment 

associated with manual deburring, corporations also suffer 
from large turnover rates.  This has promoted the increased 
interest in automatic deburring and chamfering machines, as 
seen during the past decade. 
 
Existing robots/machine tools typically operate as positioning 
devices, moving a cutter through a programmed trajectory. 
They generally lack the ability to control proper direction and 
force with respect to burr variation.  Attaching an active 
micro -manipulator as end-effector tooling has been found to 
be effective in providing existing systems controlled 
compliance in the direction of burr variation.  However for 
varying contours, the positioning device has to change its 
orientation continuously to maintain the constant normal 
force along the desired trajectory.  This can result in long 
cycle time and tedious CNC/robot programming.  The 
SAMM Laboratory’s macro/micro system eliminates the 
orientation issues through controlled vectorized chamfering 
and deburring forces.  In addition, this system uses event-
driven control yielding tighter toleranced edges and surfaces 
and a reduction in the need for multiple passes for finishing. 
 
3 New Micro/Macro PKM Design 
 
The SAMM Laboratory PKM is divided into two-sub 
systems:  Nominal Positioning Device (PKM) and Force 
Control Device (Two DOF). 
 
3.1 PKM 
 
The PKM of the SAMM Laboratory is a modular machine 
that can be easily assembled and dismantled.  It is capable of 
producing sufficient forces needed for moving the finishing 
component while performing chamfering and deburring 
operations (refer to Figures 2 and 3).  Design criteria for the 
PKM were it should be small to medium-size, maintain 
structural rigidity, and produce enough force to carry out 
finishing operation.  The SAMM Laboratory’s PKM adheres 
to a special 6-6 layout patented by Griffis and Duffy (1989). 
To accommodate cost restrictions, the PKM was designed 
using as many off the shelf components as possible.  This 
PKM has limited rotation about its platform’s vertical axes, 
and at a cost in workspace volume. 
 
The main components of the PKM are a base, moving 
platform and six struts.  Each strut consists of a telescopic 
cylinder.  To adjust the length of the struts, one cylinder 
slides inside the other and this is achieved and controlled 
using a servomotor and ball screw arrangement.  Selection, 
arrangement and alignment of the base and moving platform 
joints connecting the struts was made so that the maximum 
range of motion within the joints is achieved, full range of 
actuated motion is not restricted due to a joint limit, and each 
joint has sufficient static and dynamic load capacity.  Six 
degrees of freedom of the moving platform is achieved 
through each of the six struts having a six degree of freedom 
kinematic chain of a spherical, prismatic and Hooke joint 

Vectorized  
Normal Force 
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pair.  A ball spline is used to form the prismatic pair.  The 
base platform joints are hollowed spherical bearings, through 
which passes the ball screw/motor shaft.  The joints 
connecting the struts to the moving platform are designed to 
serve two purposes.  First is to allow angular motion while 
transmitting the linear strut forces and motion to platform and 
second is to provide a means to perform minor adjustments to 
the moving platform upon PKM setup.  To accommodate 
both these features, simple rod ends are used. 
 

 
 

Figure 3.  UF-SAMM Parallel Kinematic Mechanism 
 
3.2 Two Degree of Freedom 
 
The two degree of freedom micro-manipulator is designed to 
be attached to the moving platform of the PKM forming an 
automated finishing system (refer to Figures 2 and 4).  It 
controls both normal force so as to maintain constant chamfer 
depth and controls tangential position of spindle along the 
feed direction.  Due to its compliance in two directions, the 
application of this micro-manipulator is very effective for 
chamfering and deburring of parts with geometries in which 
the edge contours vary two dimensionally in the plane of 
movement of positioning device.  That is providing a 
vectorized normal force vector.  Machines equipped with this 
micro -manipulator do not have to change its orientation (e.g., 
minimizes robotic wrist/platform rotation) to maintain 
desired normal force.  Hence, greatly saves cycle time and 
eliminates tedious programming.  
 
The main components of this manipulator are two VCA’s 
(Voice Coil Actuator), two LVDT’s, two single axis force 
tranducers, and spindle mounting bracket.  The two VCA’s 
are aligned along x and y directions at 90 degrees to each 
other.  The spindle mounting bracket is attached to VCA -X 
and VCA -Y through a ball spline, ball nut and a force 
transducer.  The assembly is done in such a way that 
movement of the VCA -X does not reflect the applied VCA -X 
force on VCA-Y and vise versa.  Two cross-slides are 
provided to prevent moments on the force transducers.  The 

VCA assembly base can be mounted on PKM or a stationary 
frame.   

 
 

 
Figure 4.  UF-SAMM Micro-Manipulator 

 
3.3 Macro/Micro Assembly 
 
The assembly of the macro/micro components allow for an 
easy deburring operation.  The micro-manipulator has a high-
speed spindle mounted at the center of its platform.  
Depending on the force experienced by the spindle, the 
controller reacts in real-time to maintain a desired normal 
force.  If no burrs are exp erienced, then this force is constant.  
Figure 2 shows a 3-D model of the assembled machine with 
the cutter in contact with a sample part. 
 
The micro-manipulator assembly is located so that the 
spindle is also at the center of the platform of the PKM.  The 
PKM provides the motion along the edges of the part where 
the chamfering and deburring operation is required, see 
Figure 2.  The PKM’s motion does not need to take into 
account the presence and or shape of a burr in the plane of 
motion because those are already dealt with in real-time by 
the micro-manipulator controller.  So theoretically any shape 
or contour within the range of the PKM can be submitted to a 
deburring operation by simply deriving the proper nominal 
(ideal) path for the PKM. 
 
3.4  Control Syste m 
 
Around-the-arm force control is a method that is based on 
using the macro-manipulator (here PKM) for nominal 
positioning and motion only and a micro-manipulator for 
higher bandwidth force control (Proctor and Murphy, 1989;  
Whitney, 1987).  This method decouples the micro-
manipulator’s controller from the macro-manipulator’s 
controller.  The hybrid position/force control micro-
manipulator can be either mounted to a stationary base or on 
the macro-manipulator.  The micro-manipulator performs as 

Moving 

Platform 

Cross-Slides Spindle Mounting Bracket 

Ball Spline-Ball Nut 

Cutter 
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an auxiliary tool that adds additional axes of motion to the 
system.  Along these axes of motion, the required compliance 
for automated finishing tasks is provided. 
  
There are two methods used to implement around-the-arm 
force control:  passive and active.  Passive force control is an 
open loop control system with no mechanism to adjust for 
force errors.  The advantages of this micro-manipulator 
system are its simplicity and the cost.  Closing the force loop, 
the active around-the-arm control maintains a constant 
normal force inspite of burr variations.  Typically these 
micro -manipulators have been instrumented to sense the 
position, enabling these constant force devices to 
automatically determine the tool wear, part misalignment, 
and sudden process changes due to the presence of burrs. 
 
The UF-SAMM PKM uses the active around-the-arm control 
approach.  The PKM’s controller is the National Institute of 
Standards and Technology Enhanced Motion Controller 
modified to accommodate six axis non-orthogonal systems, 
and running under Real-time Linux.  The micro-manipulator 
is an event-driven hybrid position/force controller.  This 
controller uses a process based logic module to 
instantaneously modify the constant force reference value 
(Fn) in accordance to sensed burr variations.  Thus yielding a 
higher precision edge and a reduction in the need for multiple 
deburring passes  (Wiens, Musuner and Walker, 1997).  
 
In the design of the event-driven hybrid controller, the VCA-
X and VCA-Y are orthogonal to each other but are in general 
not aligned with the normal and tangent directions relative to 
the cutter’s trajectory along the part’s edge.  The PKM 
provides the nominal motion of the cutter such that the VCA-
X and VCA-Y frame is in a parallel plane to the normal and 
tangent frame of the part’s edge.  Ideally, the origins of these 
two frames will coincide.  Referring to Figure 5, the micro-
manipulator’s controller takes measured LVDT signals in X 
and Y directions and force transducer signals and converts 
them to normal and tangent components relative to the part’s 
edge (directions as defined by the ideal part contour and 
process plan).  The converted signals are then fed into 
corresponding comparator and controller (position and force) 
followed by another transformation back to the VCA axes 
directions.  The signals from both the position and force 
controller are then combined generating the appropriate 
VCA-X and VCA-Y input commands.  The hybrid 
position/force controller is designed in such way that 
tangential position is controlled to keep spindle at center of 
VCA stroke while at the same time maintaining the normal 
force required to maintain the desired chamfer depth. This 
controller also uses the position feedback to detect the 
presence of burrs and part misalignment.  If a burr is 
detected, the process plan’s normal force is adjusted using a 
process based “Logic Module”.  Without this module the 
finished edge would be a replica of the original surface prior 
to the deburring and chamfering operations, i.e., have the 
same waviness of the original edge.  If the burrs are small 

than the edge would be within tolerance with the use of the 
appropriate normal force.  More aggressive action is required 
if this is not the case, e.g. the ‘logic module’ is needed. 
 
3.5  Results 
 
Figures shows simulation results achieved on hole 
processing.  The VCA rotates the force vector electronically 
to follow the normal to the work piece edge and thus 
maintain the constant desired chamfer depth. Experimental 
results are very close to theoretical values, see Figures 6 and 
7.  This is easiest to visualize by comparing the VCA forces 
in x and y to the normal when either the x or y force 
component is zero.  Figures 6 shows the experimental result 
of the force vectorization done by the micro-manipulator.  In 
this particular case, the movement along the edges was 
simulated using a 2dof machine (U500).  Figure 7 shows the 
same force vectorization done by the micro/macro 
manipulator final assembly.  In Figure 7, the error observed 
between the simulated and the experimental can be attributed 
to an observed increase in friction in the ball screw, ball nut 
and counter balance slides.  
 
4 Conclusions 
 
In conclusion, the integration of the two devices into one 
macro/micro machine takes advantage of the two 
manipulators while canceling their drawbacks.  For example 
the small movements in 2-D by the 2 degree of freedom 
micro -manipulator are compensated by an ability of the PKM 
to follow 3-D nominal paths through out its work volume; 
and the relative low precision of the PKM is compensated by 
the ability of the micro-manipulator to apply greater 
precision with its hybrid position/force control.  Combining 
these 2 manipulators and the process based, event-driven 
controller results in a new machine that is superb for low cost 
and high precision deburring operations. 
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Figure 6, Experimental Results on U500 
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Figure 7, Experimental Results on PKM 
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Abstract: Gravity compensation in parallel mechanisms by 
mechanical means bears great advantages in system 
behavior, including increased bandwidth and accuracy, and 
reduced energy consumption, overall weight, and friction. As 
not many statically balanced parallel mechanisms exist, this 
short paper aims to give an overview of possible approaches 
and proposes possible research directions. 
 
 
1 Introduction 
 
This paper discusses some fundamental questions and 
possible research directions regarding the application of static 
balance in parallel mechanisms.  

The most striking feature of statically balanced 
mechanisms is their static equilibrium in all possible 
configurations, also in case no friction is present. This 
implies that no operating effort, apart from acceleration and 
deceleration, is needed to move the system from one 
configuration to another. Consequently, a mechanism with 
perfect static balance has constant potential energy 
throughout its range of motion. To achieve static balance in a 
pre-existing non-balanced mechanism, a balancing 
mechanism including energy storage devices needs to be 
added to complement the total system's potential energy to a 
constant value. In principle, any conservative force can be 
statically balanced (Herder, 2001).  

A well-known application of static balancing is the 
compensation of gravity forces. Gravity compensation yields 
many advantages, including reduced energy consumption, 
smaller actuators, improved performance and inherent safety 
in case of power failure. An overview of literature on static 
balancing using counterweights, static balancing using 
springs, dynamic balancing using counterweights which 

implies static balancing, and gravity compensation in 
robotics is given in Herder (2001). 

Also in the field of parallel mechanisms gravity 
compensation is receiving increasing attention, as realization 
of the advantages of static balancing may increase their use. 
The first statically balanced parallel mechanisms are 
currently under construction at Laval University 
(http://wwwrobot. gmc.ulaval.ca). Associated references 
include Jean and Gosselin (1996), Gosselin (1999), Gosselin 
and Wang (2000), and Ebert-Uphoff et al. (2000). Specific 
advantages are mentioned for a parallel haptic master device, 
where mechanical counterbalancing would reduce the 
compexity and time consumption of the controller, which 
improves accuracy of force feedback (Birglen, 2002). In 
addition it would also increase its mechanical performance. 
Also in cable-actuated parallel mechanisms the use of springs 
is proposed to decrease the effect of gravity in static mode or 
to contribute to the efforts of the cables in the directions 
where maximum accelerations are needed (Barette and 
Gosselin, 2000).  

This paper focuses on the application of gravity 
compensation in parallel mechanisms. First, an inventory of 
fundamental questions is made. Without claiming 
completeness, it turns out that important issues are readily 
encountered. Subsequently, these issues are addressed in 
some detail.  
 
2 Inventory 
 
From the definition of statically balanced systems it is seen 
that any gravity balancer must apply forces to the system to 
be balanced, in this case the moving platform of the parallel 
mechanism. Principally, the balancing system must provide 
some connection between the (center of mass of the) moving 
platform and Earth, generally in the form of one or more 
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linkage chains between the moving platform and the fixed 
ground. Furthermore, the balancing system must include 
potential energy storage devices. These observations lead to 
several questions. A first question to be answered is whether 
to use the balancing system for actuation or not. A second 
question is which kind of energy stores to use. A third 
associated question concerns the number of energy storage 
elements.  

In addition to gravity compensation, static balancing may 
also be useful in compliant parallel mechanisms, such as the 
one by Canfield et al. (2001). Compliant mechanisms gain at 
least some of their mobility from the deflection of their 
flexible members rather than from movable joints only 
(Howell, 2001). To offset the elastic forces induced by these 
deformations, the addition of a static balancer may be 
advantageous (Herder and van den Berg, 2000).  

The questions posed above, together with some practical 
considerations will be briefly discussed in the following 
sections. 
 
3 Combination of actuation and balancing systems 
 
A gravity compensation mechanism can be integrated with 
the actuator legs of the platform or can be added as a separate 

system. An integrated compensation system will be defined 
as a compensation system which makes use of the actuation 
system's chains between the moving platform and ground, 
whereas a separate compensation system adds one or more 
chains between the moving platform and ground to those of 
the actuation system. A fully separate compensation system 
is passive, in that it contains no actuators, only passive 
(requiring no external energy) energy storage devices such as 
springs or counterweights.  

Figure 1 shows two versions of a planar three-degrees-of-
freedom parallel linkage with gravity compensation. The 
system in figure 1a uses one Anglepoise-type gravity 
balancer (Carwardine, 1935) which applies at the center of 
mass of the moving platform. This ensures perfect gravity 
compensation (for proof see Herder, 2001). For the actuation 
of the platform, the original system (in this example the 
linear actuators) are retained. Therefore, the compensation 
system is fully separate. In the system of figure 1b, two 
Anglepoise-type gravity balancers are used as legs which 
perfectly balance the moving platform against gravity (proof 
of this statement is straightforward if it is realized that each 
leg carries half of the platform mass, see also Ebert-Uphoff et 
al., 2000, who provide a more general proof). Each leg, as a 
separate system, has two degrees of freedom. If, in the total 
system, actuators are placed in three of the four joints 
associated with these degrees of freedom, the moving 
platform can be fully controlled using the legs of the 
balancing system. Therefore, this system has an integrated 
compensation system.  

Most gravity balancers designed to date have revolute 
joints. This is due to the fact that both a mass-lever element 
and a spring-lever element incorporating a zero-free-length 
spring (figure 2) are constant force generators (Nathan, 
1985). The technology for many of these systems is based on 
the equipoising mechanisms designed by George Carwardine 
(1932, 1935). Many parallel mechanisms, however, are 
equipped with linear actuators, for which much less balancers 
have been developed. In these cases the equipoised lazy-
tongs mechanism by Carwardine (1938) and the similar 
parallel-link equilibrator by Streit an Shin (1993) can be 
used, but these are not very practical. Cable-driven parallel 

 
 
 
 
 
 
 
 
 

(a)          (b) 
 
Figure 2 Two constant force mechanisms, both in use as 
gravity compensation mechanism: (a) mass-lever element, 
(b) spring-lever element with zero-free-length spring.  
 
 

 
 
 
 
 
 
 
 
 
 
 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
 
 
 
Figure 1 Two planar 3DoF parallel mechanisms with 
gravity compensation: (a) separate compensation system, 
(b) integrated compensation system. 
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mechanisms require yet other balancers. An integrated 
compensation system would be particularly desirable to not 
reduce their large workspace. The design of integrated 
balancing systems for parallel mechanisms with linear 
actuators and cable-driven parallel mechanisms seems to be 
in its early infancy.  
 
4 Energy storage devices 
 
Any source of conservative force qualifies for use as 
potential energy storage device. In practice, the choice is 
often limited to masses (counterweights) or springs. A 
mechanism that is gravity balanced using counterweights has 
the advantage that it has become insensitive for its orientation 
with respect to the gravity accerelation vector. Advantages of 
the use of springs are that the additional mass and inertia 
associated with counterweights is avoided, which results in 
increased accelerations. Several authors support this 
statement (references to general robotics are included in 
Herder (2001), while references to parallel mechanisms 
include Gosselin, 1999, and Gosselin and Wang, 2000). 

Although perhaps intuitively less than a counterweight, 
the mass of springs is not always negligible. This section will 
show that under certain conditions a spring may actually be 
heavier than a counterweight.  

The energy Umax that can be stored in a prismatic beam 
loaded in pure tension or compression equals: 

��

max

0
max

x

FdxU            (1) 

where F is the axial force acting on the prismatic body (the 
spring), and x is the elongation. Assuming linear elastic 
material behavior, Hooke's law applies which yields: 

AE
dFLdx �             (2) 

where L is the (initial) length of the spring, A its (initial) 
cross-section, and E is Young's modulus. Substitution of 
equation (2) into equation (1) yields: 
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where V is the (initial) volume of the spring. Thus, the energy 
stored in the spring is proportional with its material volume. 
The elastic energy per volume can be expressed as a function 
of the material properties �  (yield strength) and E (Young's 
modulus), and a type factor � : 

EV
U 2

max �

��            (4) 

For axially loaded prismatic beams, the type factor � =1/2, 
according to equation 3. For other springs, this factor is less. 
Cool (1992) provides a table of type factors (table 1). 
 
 
Spring type Type factor 
Prismatic beam with 
pure tension or 
compression load 

 
1/2 

Rectangular cantilever 
with perpendicular 
load 

 
1/18 

Triangular cantilever 
with perpendicular 
load 

 
1/6 

Helical tension or 
compression spring 
with circular wire 
cross section 

 
1/4 

Coiled torsion spring 
with circular wire 
cross section 

 
1/8 

Spiral spring with 
rectangular wire cross 
section 

 

 
1/6 

 
Table 1 Type factors (coefficient relating maximum elastic 
energy to material properties of a spring) for some springs. 
 
 

 Let for example a weight of 100 kg be statically balanced 
by a helical extension spring, as in figure 2b. If the arm 
length ro is 1 m (vertical displacement h of the mass 2 m), 
than at least a potential energy of Um = mgh = 2*981 Nm 
needs to be stored in the spring. If the spring is manufactured 
out of steel (� =1200 MN/m2, E=210 GN/m2), then the 
material volume is: 

314.1
)92.1(

92109812 2
4
12max ����� e

e
eEUV

��

 (5) 

With a density of � =7800 kg/m3 this example yields a 
spring mass of 9 kg or around 10% of the payload. This is 
much less than the mass of a counterweight, which, 
depending on the lever arm length (usually smaller than the 
arm of the mass to be balanced) may be factors greater than 
the payload. In this example, a springs seems the favorable 
option, however, the outcome of the comparison is dependent 
on the circumstances. 

The outcome of the comparison of counterweight and 
spring is, among other factors, depending on the scale of the 
application. The ratio of energy storage to mass of a 
counterweight is given by: 

gh
m

mgh
m
U

cw

cw
��           (6) 

This expression implies that in case all of the geometry is 
scaled by a scaling factor Sl (being equal to the ratio of scaled 
length measure to original length measure), then the scaling 
factor of energy storage to mass of a counterweight is equal 
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to the geometric scaling factor Sl. The ratio of energy storage 
to mass of a spring, using equation (4), is given by: 

�

�
�

�

�
�

EV

V
E

m
U

s

s
2

2

��         (7) 

This expression implies that the scaling factor of energy 
storage to mass of a spring is unity, in other words that the 
ratio of energy storage to mass of a spring is independent of 
the geometric scaling factor. This result indicates that as the 
geometric scale increases, the ratio of stored energy over 
mass increases (which is desirable) for counterweights, while 
it remains constant for springs. In this case there is a point 
where the counterweight becomes lighter than the 
compensation spring. It is interesting to locate this break-
even point, and investigate other criteria (such as the size of 
the lever arms) affecting the choice. In the example the lever 
arm of the counterweight was selected half as long as the 
lever arm of the mass to be balanced. Consequently, the mass 
of the counterweight in the original situation is 200 kg. For 
this example, figure 3 suggests the relation between the 
scaling factor and the mass of the energy storage device. The 
diagram shows that a counterweight becomes lighter when 
the configuration is scaled up by a factor greater than 22. 

Finally, it is noted that the zero-free-length spring 
behavior that is often required is not easily obtained. Either 
the initial tension of the spring itself should be increased, or a 
special mechanism is required, such as the pulley and string 
(Herder, 2001). Special mechanisms may increase friction, 
which is highly undesirable for instance in motion simulators. 
To circumvent these problems, it is worthwhile to investigate 

design methods for compensation mechanisms incorporating 
normal springs, to investigate low-friction mechanisms, and 
to investigate methods to reduce loading of joints or even 
eliminate joints themselves. Some initial efforts in these 
directions are included in Herder (2001) and also in Te Riele 
and Herder (2001). 
 
5 Number of potential energy storage devices 
 
A gravity compensation device may need as many degrees of 
freedom as the mechanism to be balanced to accommodate its 
motion, but when the potential energy of the center of mass 
of the moving platform is considered (and the masses of the 
legs are neglected), essentially the only degree of freedom of 
concern for the balancing energy storage device is its vertical 
movement. Therefore, one energy storage device should be 
sufficient for the static balancing of this mass. It has been 
suggested that the number of energy storage devices should 
equal the degrees of freedom of the mechanism (Hilpert, 
1968), but in fact there is no straightforward relation between 
the degrees of freedom of a linkage and the required number 
of energy storage devices.  

In figure 4, a solution for the six-degree-of-freedom static 
balancing of a mass by a single spring is suggested. It 
consists of a ball which can slide an spin without friction on a 
horizontal platform. The platform can move up and down 
while being suspended by a spring mechanism providing 
static balance for the vertical movement. Clearly, this is not a 
practical mechanism, but it raises the challenge of reducing 
the number of springs. 
  Currently, parallel mechanisms having an integrated 
compensation system exist with six degrees of freedom and 
six springs (Gosselin, 1999). One balancing system has been 
reported previously (Herder and Tuijthof, 2000; Herder 
2001) which may well be applied as separate compensation 
system in a six-degrees-of-freedom parallel mechanism with 
linear actuators. This system, called a general suspension 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 3 Relation between the scaling factor and the mass 
of the energy storage device for the example in the text. The 
thin line corresponds with the compensation spring, the thick 
line corresponds with the counterweight. In this case the 
break-even point occurs at a scaling factor of 22. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 4 Six-degrees-of-freedom gravity compensation 
mechanism incorporating one zero-free-length spring. 
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unit, is shown in figure 5. From a potential energy 
perspective, this mechanism is essentially equal to the gravity 
balancer in figure 2b. However, the multiple-parallelogram 
mechanism provides additional degrees of freedom, which 
are very useful when the center of mass of the body to be 
suspended is not accessible for cardanic suspension. The 
addition of the rectangular link in figure 5b (for convenience 
shown in the plane of drawing, however the plane of the 
rectangle is to make a considerable angle with the plane of 
the rest of the mechanism to allow for sufficient x-, y-, and z-
translation). 

As has become apparent, there is scope for conceptional 
design improvements in several directions. Other interesting 
directions include the extension of the work by Agrawal et al. 
(2001), who use auxiliary parallelograms to trace the center 
of mass of series chains, a technique which may well work in 
parallel mechanisms too. 
 
7 Conclusion 
This paper has made an inventory of some fundamental 
questions and possible research directions regarding the 
application of static balance in parallel mechanisms. 
Primarily gravity compensation was considered, but also the 

compensation of the elastic forces in compliant parallel 
mechanisms was mentioned. The issues of separate or 
integrated compensation, the kind and number of energy 
storage devices, their weight as a function of the geometric 
scale, and the conceptional design of statically balanced 
parallel mechanisms were addressed in some detail. 
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Nomenclature 
a = distance between fixed spring attachment and pivot 
A = area 
E = Young's Modulus 
F = force 
g = acceleration of gravity 
k  = stiffness 
L = length 
m = mass 
r = link length 
S = scaling factor 
U = potential energy 
V = volume 
x = displacement 
� = type factor 
� = density 
� = yield strength 
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Abstract: This paper analyses the velocity isotropy of Parallel 
Mechanism with Actuation Redundancy. The limits of classical 
indexes based on the Jacobean matrix condition number is 
shown. Two new indexes are proposed, and the ways to 
computed them efficiently are given. 

In section 2, some basic issues related to condition number are 
firstly recalled and one of its important limitations is pointed 
out when considering PMAR: this index does not provide a 
proper measure of kinematic isotropy. Section 3 is dedicated to 
the definition of a new index which is consistent with the 
classical condition number since it refers to measures made on 
a velocity ellipsoid; however this ellipsoid is rather different 
from the usual one. Two different algorithms are given: one is 
based on derivations made in joint space, and the other one on 
derivations made in operational space. Section 4 is a discussion 
about different possible indexes and the relevant algorithms: 
they are based on an analysis of the velocity polytop. 

1 Introduction 

When designing a machine, optimization processes are often 
run aiming at pointing out the machine of �best performances�. 
For this task, quality indexes are used. According to the  
machine purpose, one index is selected, and that will lead to the 
machine which provides the best score, i.e. which offers the 
best index value. Actually, optimization is often more delicate 
and often ends with a compromise of several abilities because 
of the antagonist evolution of various abilities that are essential 
to the correct behavior of the mechanism,. 

 
2 Condition number and its application to PMAR 

In the following a mechanism is characterized by its inverse 
Jacobean, , which links joints velocities  to operational 
speed, , as follows

mJ q&
x& 1: Among all the quality indexes, the Jacobean matrix condition 

number is often used; it is supposed to characterize the 
velocities isotropy of the mechanism. Due to the forces-
velocities duality, it is also said to be representative of forces 
isotropy. The mathematical basics which are the foundations of 
the isotropy concept for robots have been first defined for serial 
robots [1][2], and it turns out that a deeper analysis is required 
when considering more complex mechanisms. 

 xJq m && =  (1)
 

2.1 Is a two-dof X-Y table an isotropic device? 

In order to illustrate the following discussion, let us consider 
the simple case of a serial 2-dof X-Y table in fig. 1. 

This paper aims at offering such an analysis of isotropy concept 
when considering PMAR (Parallel Mechanisms with Actuation 
Redundancy), i.e. mechanisms where a given operational force 
does not correspond to a unique set of joint forces. This type of 
redundancy differs from the kinematic redundancy case where 
a given operational velocity does not correspond to a unique set 
of joint velocities. It has been shown [3][4] that actuation 
redundancy may help to overcome over-mobility singularities, 
and it seems important to offer tools to correctly analyze the 
velocity performances of such machines. 

For this mechanism,  is the identity matrix, and for the 
robotics community, this mechanism is often considered as 
perfectly isotropic; that is to say, velocity performances are said 
to be identical in all directions of the operational space. This is 
clearly not true, as shown in fig. 2 and fig. 3. 

mJ

                                                           
1 the notation x  does not mean it is the derivative of operational position 
vector with respect to time. 
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2.2 Analysis of a basic non-redundant parallel mechanism 
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The simple parallel mechanism in fig. 4 is made of two 
connecting rods linking two identical linear motors to the 
nacelle. Obviously, the nacelle can move in translation along 
two directions. 
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fig. 1 � X-Y table geometry 
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fig. 4 � V shape mechanism geometry 

The inverse Jacobean matrix  of this mechanism in this 
centered position is the same as for the X-Y table (joint and 
operational reachable domains are those represented in fig. 2 
and fig. 3). When the mechanism is not more in its centered 
position, the inverse Jacobean matrix is not equal to the identity 
matrix anymore; so if the reachable joint domain remains the 
same, the reachable operational domain becomes a polytop (see 
fig. 5). 

mJ

fig. 2 � Reachable joint space of the X-Y table 
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 fig. 3 � Reachable operational space of the X-Y table 
fig. 5 � Reachable operational space for a simple parallel 

mechanisms. Reachable velocity joint is actually a square defined by 
maxqqi && ≤ . This square remains a square once mapped in the 

operational space, using matrix . Therefore the highest 

velocity reachable by the nacelle is 

1
mJ −

maxmax 2 q&×=v . Such a 
speed is only accessible for a very specific motion direction. 
Moreover,  is always reachable for all operational 

directions. Graphically, this results in the circle of radius  
inscribed in the square. This circle is the image of the joint 
space circle of radius q  by the linear mapping represented 

by matrix . Interestingly enough, even if this is not an 
isotropic device strictly speaking, designers often refer to the 
deformation of a velocity  joint space circle (or hyper-sphere 
for higher orders) by the Jacobean matrix to measure the 
�quality�  of velocity mapping in terms of isotropy� 

maxmin qv &=

&

1
mJ −

minv

max

The image of the joint circle is an ellipse inscribed in the 
polytop. This ellipse is entirely characterized by the SVD2 of 

; the SVD provides in particular the lengths of the ellipse�s 
axes. A usual isotropy index is derived as the ratio of extreme 
operational velocities:  and ; this index is a 
measure of the ellipse�s distortion. The lower the distortion is 
(index value close to 1), the more the ellipse tends towards the 
circle, considered as the �ideal case� from the isotropy point of 
view. 

mJ

max
ellipsev min

ellipsev

Rather than considering the ellipse, one could be interested 
in the more realistic polytop that may be analyzed in terms of 
ratio between the absolute maximal speed ( v ) and 
the maximum speed that the mechanism can reach in all 

max
ramparallelog

                                                           
2 Singular Value Decomposition 

2 



operational space directions ( ). The latter 
graphically corresponds to the radius of the largest circle 
inscribed in the operational polytop.  
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In this paper, discussions related to PMAR are made for 
both cases, velocity ellipsoid and velocity polytop; however, 
the usual inverse Jacobean matrix condition number cannot be 
used straightforward, as shown in the next section. 

2.3 A basic PMAR �  3 actuators / 2 dof 

Let us consider the PMAR in fig. 6., made up of three 
connecting rods and three identical linear actuators. Here, two 
actuators are colinear. 

 

 
fig. 6 � Geometry of a specific PMAR 

This mechanism produces in term of velocities the same 
effects that the former non-redundant parallel mechanism (fig. 
4). So, in this centered position, this mechanism is as isotropic 
from the velocity point of view as the previous mechanism or 
even the X-Y table; operational velocities explore the same 
field as previously: a square (fig. 3).  
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fig. 7 � Reachable operational space for this specific PMAR 

For this mechanism the inverse Jacobean matrix, , is 
given by: 
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� and its condition number is equal to 2 . Thus, the ratio 
between extreme singular values does not represent anymore 
the ratio of extreme dimensions of the ellipse of maximum 

surface inscribed in the operational polytop, since this ratio 
should be equal to 1. Indeed, the operational ellipse obtained 
using the SVD, has two half-axes which length are q  and max&

2/maxq&

=&xW

 as depicted in fig. 7. 

jq&≠

In different words, the usual isotropy index says such a 
machine is far from being isotropic, when a common sense 
analysis says it is as isotropic as an X-Y table. Indeed in such 
cases, the condition number may give a rough estimate of the 
anisotropy in force (in reality the machine maximum force 
along x is twice the maximum force along  y), but it does not 
represent anything related to velocity isotropy. 

As a matter of fact, for PMAR the �duality� between force 
and velocity does not hold anymore for this simple fact: a set of 
joint forces can be chosen freely within the actuators capacity 
boundaries, while the components of  the joint velocities vector 
must respect kinematic constraints and thus cannot be chosen 
freely. 

In order to be consistent with the interpretation of the 
condition number established for non-redundant mechanisms, 
the ellipse of larger surface inscribed into the operational 
polytop will be determined. Its characteristics, length of the 
largest and the smallest half-axis, will lead to a more 
significant isotropy index which can cope with PMAR.(section 
3). Moreover, the way to establish the extreme velocities 
related to the operational space polytop will be described as 
well (section 4). 

3 Construction of an isotropy index based on ellipses 

3.1 Preliminary remarks 

- To be simple, different domains of space will be named 
circle, ellipse, polytop, square, cube. One should keep in 
mind that those terms must be generalized when 
considering spaces whose dimensions are higher than 2 or 
3 (hyper-circle, hyper-ellipse, and so on). 

- Only a-dimensional problems are considered here. In other 
cases, weighting matrices,  and , can be used as 
follows [9]:  

,

xW&

x& =

qW&

x&



















max

max
1
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0/1

nx

x

&

O

&

Wx&
~ , 1

~
≤ix&

q&

,  

, 









q&










=
max

max
1

/10

0/1

nq

q

&

O

&

&qW Wq&=
~

, 1
~

≤iq&

max
iq&

.  

Weighting matrices help in managing issues such as: non- 
homogeneity (coexistence of linear and angular velocities), 
differences in actuators� performances ( ), 
differences in desired performances along various 
operational axes ( ). 

max

max
j

max
i xx && ≠
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- The next sub-sections are organized as follows: (i) in 
section 3.2 linear algebra tools are briefly recalled and the 
limits of their use for PMAR is pointed out; (ii) in section 
3.3, a way to compute the largest admissible ellipse 
included in the joint polytop and to map it into the 
operational space; (iii) in section 3.4 it is proven that the 
resulting ellipse is actually the largest one in the 
operational space. 

3.2 Analyze of the SVD for a redundant mechanism 

For illustration purpose the planar mechanism shown in fig. 8 
will be used here. It is a 3 actuators / 2 dof PMAR, which 
geometry is more general than the one in section 2.3. However, 
formulas will be established any type of joint and operational 
spaces, as long as they respect the following condition: 

 
nm > , with  and dim(  m=)dim(q& n=)x&

x

y

i
r

j
r

Nacelle 

 
fig. 8 � Geometry of a typical parallel redundant mechanism 

 
The SVD of the inverse Jacobean matrix gives [5]: 

 T
m VSUJ = , (2)

where: 
-  is a  orthogonal matrix, representing a linear 

application in the operational space;  

TV nn×

-  is a rectangular matrix whose upper part includes the 
singular values of , 
S

mJ nσσ ,,1 L ,:  
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
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

=

0
0

01

nσ

σ
OS

n

n m

 
It characterizes the linear application that links a 
operational velocity vector to a joint velocity vector.  

-  is a  orthogonal matrix, representing a linear 
application in the joint space. The n first columns, vectors 

 ( n ) span the range of . The 

U

U1

mm×

n <U,,K m mJ nm −  
following columns correspond to the actuators velocities 

which can never be produced by a movement of the 
nacelle. They span the kernel of J .  
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fig. 9 � Graphical representation of  QUq && =

To be acceptable, i.e. to be admissible by the mechanism, a 
joint velocity vector must belongs to the range of ,. Let us 
note: 

mJ

 
{ }

nQQ ee &&
r

K
r

,,
1

 , a base for this type of vector; 
~ ~
Q&  ( n=)dim( ) , a column matrix representative of the 

joint velocity vector in this base;  
Q&

1S  , a matrix representing a mapping from the operational 
space to the restriction of the joint space to the range of :  

 

mJ








=

nσ

σ

0

01

O1S

n 

 
The following equation links an admissible joint velocity 

vector to an operational velocity vector: 

 SVx 1
1& −=  (3)

The restriction of the unit sphere to the range of J  is a 
circle of radius 1 (cf. fig. 10). This circle if transformed into an 
ellipse in the operational space; the ellipse�s half-axes length 
are 

m

{ }nii ,,1,/1 K∈σ . The condition number of  is an 
image of this ellipse�s shape. 

mJ

 
Obviously, the entire acceptable joint space is not a sphere 

but a cube defined by the following inequalities: 
{ }miqi ,,11 & ∈≤≤−  
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2Q&

1Qe &
r

2Qe &
r

1Q&

max
polytopv

1
1
−s

max
ellipsemodifiedv

min
ellipsemodifiedv

1
2
−s

min
polytopv

Modified ellipse

 

Intersection circle

Intersection Polygon

 
fig. 10 � Intersection of the unit cube and the unit sphere with the 

range of  mJ

The restriction of this cube to the range of J  (cf. fig. 10) 
is a polygon, or polytop. All acceptable motors velocities 
vectors must be located inside this polygon. In fig. 11, the 
circle and the polygon are depicted. It is to be noted that the 
circle could be larger and still acceptable because it is not 
tangent with the polygon. That implies that the opposite of the 
singular values are not enlightening maximum speeds which 
can be reached by the nacelle. 

m

fig. 13 � Operational velocities for a PMAR 

 
Case study. 

 
The complete situation is depicted in fig. 14 for a given 
geometry [120° between each actuators, length of arms = 100, 
position of the nacelle (-40,-10)].  

 

x

y

i
r

j
r

Operational
ellipse

Operational
modified ellipse

Operational
Polytop

 

fig. 11 � Joint polygon and circle 

For a non-redundant mechanism, the joint circle and the 
operational ellipse are the greatest ellipses respectively 
included into the joint square and the operational polytop; for a 
PMAR, this is no more the case. 

 
It is proposed in this paper to determine the largest ellipse 

included in the operational polytop. The ratio of the extreme 
half-axis of this ellipse can be a really significant isotropy 
index.  fig. 14 � Operational velocity situation centered on the nacelle.  

It is proposed as well to consider another index constituted 
from the ratio between the extreme velocities measured at the 
polytop level,  and v . max

polytopv min
polytop

The obtained results are given in table 1. Clearly the 
modified operational ellipse is a better representation of the 
machine velocity capability than the ellipse associated with the 
restriction of joint space unit sphere (operational ellipse in fig. 
14). 

Xe &

rYe &

r

X&

Y& Modified ellipse
 in joint space

 

 
)( mJcond  1.49 

Largest ellipse index 1.08 
max

ellipsemodifiedv  max35.1 q&×  
min

ellipsemodifiedv  max97.0 q&×  

Polytop index 1.48 
table 1 � Results and indexes values 

The following sub-sections are dedicated to the derivation of 
both indexes in a general case. 

fig. 12 � Joint  velocities for a PMAR 
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 MRM ~
=′ , (6)3.3 Search of the operational ellipse of greatest surface 

included into the admissible operational polytop 
with R  an orthogonal matrix. 
 This search can be made: 

- by reasoning in joint space, i.e. finding the largest ellipse 
in joint space and then mapping it into the operational 
space (section 3.3.1); 

2Q&

1Qe &
r

2Qe &
r

1Q&
M

1d

2Q&
2d

1Qe &
r

2Qe &
r

1Q&
M~

2Q&

1Qe &
r

2Qe &
r

1Q&

M ′

Expansion Orientation

fig. 15 � From the unitary circle to the largest ellipse 

- by reasoning directly in the operational space (section 
3.3.2). 

 
3.3.1 Reasoning in joint space 

The application which transforms the joint unitary circle of the 
subspace image of  into the joint ellipse of largest surface 
included in the joint polytop will be determined here. This 
ellipse, once mapped into the operational space by the linear 
application of matrix  gives the ellipse of largest surface 
included into the operational polytop (this point will be proved 
in section 3.3.2). The conditions which must be respected by 
the joint ellipse to be located inside the joint polytop will be 
firstly presented; then the conditions to find the largest ellipse 
will be formulated as an optimization problem. 

mJ

1S 1−

 
Expansion and orientation are combined to get the largest 
ellipse. To be included in the joint polytop, the ellipse must 
verify:  
- the ellipse is located inside the unitary cube; General approach 
- it belongs to the range of J  (true by construction), mLet M  be a point of the range of  and belonging to the 

unitary circle. Vector 
mJ

OM  (where  is the origin of the 
frame) is a linear combination of vectors 

O

nQQ ee &&
r

K
r

,,
1

)

. Let 

be the column matrix representative of this vector in the 
base of the range 
M

,,(
1

)
nQQ ee &&Im(

r
K

r
=Β . The relation 

mJ

1=OM results in: 

 
To belong to the joint cube, point M ′ must respect the 

following condition: 
miMOe

iq ,,11 L
r
& =≤′⋅  

Indeed, the cube is defined by faces. However, the 
problem is symmetric with respect to point , and only 

faces have to be considered. Such faces are directed by 
vectors 

m2
O

m
mie

iq ,,1 L
r
& = , of the joint space canonic base. This 

expresses the fact that M ′ belongs to the  admissible 
domain of space, delimited by the plan perpendicular to 

thi

iqe &
r . , 

such that the distance from point O  to the plan is equal to 1. 
This can be written in matrix form as follows:  

 1MMT = . (4)

 
The largest ellipse in joint space is calculated with two 

transformations: (i) the original unitary circle is expanded 
(point M  is transformed in point M~ ), (ii) the expanded ellipse 
is rotated (point M~  is transformed in point in M ′ ). Thus:  1≤′ME T

i , (7)
 

where  is the column matrix associated to vector eiE
iq&

r  in base 

),,(
1

Im(
nQQ ee &&)

r
K

r
=Β

mJ .  
- M~  belongs to an ellipse whose axis are the vectors of 

, and whose half-axes length are , )mJIm(Β ndd ,,1 K
~The column matrix representative of point M  in frame of 

origin O  and base Β , is noted M)Im( mJ
~ , and verifies: 

 
Finding the vectors perpendicular to the ellipse and the 

polytop. 
 MDM =

~  (5) To guarantee that all ellipse points belong to the 
admissible domain, it is sufficient to verify that the point 

closest to the  face is inside this domain. For such a point, 
the vector perpendicular to the ellipse, 

thi
thi

n′ , is collinear to the 
vector, 

iqe &
r′ , perpendicular to the considered face of the polytop 

(cf. fig. 16).  

where  ( )ndddiag ,,1 L=D
 

- M ′  belongs to the ellipse of greatest surface. 
M′ , the matrix associated to point M ′  verifies: 
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 with: 
Let be 

iqe &
r′  the projection of vector e

iq&
r  in the range of . 

Because  does only direct a subpart of the articular 

space it has to be noticed that E  is also the column matrix 
associated to vector 

mJ

)m
ΒIm(J

i

iqe &
r′ .    

r

R  a rotation matrix 
 
Defining the admissible ellipses 
 
To summarize the situation, the system of matrix equations 

to be solved is the following: 

1qe &
r′

n′M ′

1qe &′

 

{ },,,1 mK∈∀i  1MMT =  (4) 

 MDM =
~  (5) 

 MRM ~
=′  (6) 

 1≤′ME T
i  (7) 

 iEN ×=′∃ kk /  (8) 

 MDN 2 ~~ −=  (9) 

 NRN ~
=′  (10) 

fig. 16 � Colinearity normal to the ellipse / normal to the frontier 

The colinearity relationship is expressed as: 
 iEN ×=′∃ kk / , (8)

Where: 
 

-  is the column matrix associated to vector N′ n′  in base 
, )mJIm(Β

(5) and (6) imply that: 
 MDRM =′ . (11)

-  is the column matrix associated to vector iE
iqe &

r′ . 
(9) and (10) lead to: 

 
 MDRN 2 ~−=′ , (12)

Let point M~  be defined in the frame )Im(,
mJΒO  by the 

following set of coordinates: 
(12) and (5) lead to: 

 MDRN 1−=′ . (13)),,( 1 nxx K  
Inverting (13) leads to: Then the ellipse whose axis are the vectors of , 

and whose half-axes length are  is defined by: 
)Im( mJΒ

ndd ,,1 K  NRDM T ′=  (14)

01)~( 2

2

2
1

2
1 =−++=

n

n

d
x

d
xMf K  

Combining (11) and (7) gives: 

 1≤MDRE T
i  (15)

Then the vector perpendicular to the ellipse at point M~ , 
n~ , is defined by:  

Combining (8) and (14) gives: 

 i
T ERDM ×=∃ kk /  (16)

nQ
n

n
Q e

d
xe

d
xMfgradn &&

r
K

r
22

1

1 22)~]([~
1

++== . Combining (16) and (4), knowing that is diagonal, can be 
written as follows: 

D

With matrix in base , this results in relation: )Im( mJΒ  1/ 2 =∃ i
T2T

i ERDREkk  (17)

 MDN 2 ~~ −= . (9) In the same way, combining (16) and (7) leads to: 

 1/ ≤∃ i
T2T

i ERDREkk  (18)In fact, because D  is a diagonal matrix,  is defined by: 2D−

While making sure that , (18) gives: i
T2T

i ERDREk≤0

















=−

2

2
1

/10

0/1

nd

d
O2D .  1/ 2 ≤×∃ i

T2T
ii

T2T
i ERDREERDREkk  (19)

Knowing (17), (19) simplifies in the inequality: 

 1≤i
T

i EΣE  (20)Then n′  is obtained as: 

 NRN ~
=′ . (10) with , a symmetrical matrix.  T2 RDRΣ =
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Of course,  (20) has to be verified for all i . m,,1 L=
∏
=

−
n

i
id

1

2   
As a matter of fact, a relation exists between vectors E  

and matrix . Matrix  can be expressed as follows: 
i

U U It can be seen that the determinant of is: Σ

[ ]21 UUU =   )det()det()det()det()det( 212 DRDRΣ =××= −  

with  
 ∏

=

=
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i
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1

2)det(Σ  (23)
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To conclude, determining the ellipse of greatest surface 
included in the joint polytop, consists in finding the 
symmetrical matrix  which verifies: Σ

)det(Σ−  minimum  

under constraints 
{ }miii ,,11)()( L∈∀≤T

11 UΣU . 

 
The eigen value decomposition of the real symmetric  

gives: 
Σ

 TR∆RΣ =  (24)

And since 
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

⋅
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ee
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rr
M

rr
1

iE  is expressed as follows: 1U
With 
- R  is the orientation matrix (note that 1T RR −= ) 
- ),,( 1 ndiag δδ L=∆  

- iid δ=   

 
















=
T

m

T
1

1

E

E
U M . (21)  

The knowledge of R  and  characterizes entirely the 
ellipse of greatest surface included inside the joint polytop. 
This matrix is then mapped by matrix S  to the ellipse of 
largest surface included in the operational polytop (This point 
will be proven in next section). 

D

1
1
−

Noting  the line of matrix U equation (20) can be 
rewritten as: 

)(i1U thi 1

 { } 1)()(,,1 ≤∈∀ T
11 UΣU iimi L  (22)

The sought matrix which represents the transformation 
of a unitary circle in the admissible part of joint space into 
the largest ellipse included inside the operational space 
polytop is given by: 

 
Finding the largest admissible ellipse 
 
Among all those ellipses respecting (22), the one of 

maximal surface still have to be found. This problem is 
described here as an optimization problem. DRSΧ 1

1
−=  

 
The surface of an hyper-ellipse equals to: The proposed index is then related to singular values of 

this matrix, e.g. , or )(Xcond ))(min( Xσ , etc. 
∏
=

×=
n

i
idkA

1

, 
3.3.2  Reasoning in operational space 

with π=k  for  ,2=n π
3
4

=k  for , etc. 3=n Rather than seeking the ellipse of maximum surface included 
inside the joint polytop, and then computing its image in the 
operational space, it is possible to find the ellipse of greatest 
surface included inside the operational polytop. 

 
Maximizing A  is equivalent to maximizing the product of 

the ellipse half-axes length. It is also equivalent to minimize the 
following expression:  
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Reasoning in joint space The following relation describes the mapping between the 
operational space and the range of : mJ 1)()( ≤T

1
T

1
T

11 USXXSU ii   
 KSM 1 ′=′  (25) Reasoning in operational space 

With: 1)()( ≤′′ T
1

T
1

T
11 USXXSU ii  )( mJrangeM ∈′  

K� a point in operational space In joint space, )det(Σ−  has to be minimized, that is 

, because: )det( TXX−M′  the column matrix associated with  M� in Β  )Im( mJ

K ′  the column matrix associated with K� in the singular 
vectors base. )det()det(2)det( T

1 XXSΣ −=−  
 
M� belongs to the joint polytop:  0)det( >1S  

 mi ,,11 L=≤′ME T
i  (26)

In operational space )det(Σ′−  has to be minimized, that is: 

. Thus, both entities are obtained as results of the 
same optimization problem under the same constraints. 

)det( TXX ′′−
Thanks to relation (25), equation(26) becomes in operational 
space: 

 1≤′KSE 1
T

i  (27)

Since equation (27) is the only equation that differs from 
the system of equations of the previous section, the resolution 
of the system leads to: 

4 Determination of extreme velocities of the operational 
polytop 

In this section, the extreme velocities of the operational polytop 
will be determined. The �lowest� velocity is defined as the 
minimum velocity always reachable by the nacelle in all 
directions of the operational space. The �highest� velocity is 
the maximum velocity that can be reached by the nacelle in a 
very particular direction. 

 { } 1)()(,,1 ≤′∈∀ T
1

T
111 USΣSU iimi L (28)

where  is a symmetrical matrix defined as follows: 
 

Σ′
T2 RDRΣ ′′′=′

Those equations express the constraints that must be fulfilled 
by the operational ellipse to be located inside the operational 
polytop. Those relations are very similar to those obtained in 
the joint space. 

The highest velocity v  belongs necessary to a vertex 

of the polytop; the lowest value v  is located on one of the 
faces (cf. fig. 13). 

max
polytop

min
polytop

 
 In the operational space, the optimization problem consists 

in fining a symmetrical matrix  which verifies: Σ′ Finding  max
polytopv

)det(Σ′−  minimum Referring to (27), a point  belonging to the i  face can 
be described by: 

iK ′ th

under constraints 
 1=′i1

T
i KSE  (29){ }miii ,,11)()( L∈∀≤′ T

1
T

111 USΣSU  
A point { }miK im ,,1, K∈′ + , belonging to the opposite face 

(the   face) can be described by: thim )( +
 

The eigen values decomposition of Σ  leads to matrix ′ R′  
and . Matrix Χ  characterizes the linear application 
that transforms a unitary circle in the ellipse of maximum 
surface included into the operational polytop. The ratio of 
extreme diagonal values of  constitutes the isotropy index 
built previously. 

D′ DR ′′=′

D′

 1=′− +im1
T

i KSE  (30)

In the optimization problem faces of type (30) had not been 
considered; here they must be taken into account. A vertex of 
the polytop is a point of the n-dimensional operational space. 
The 2m frontier equations (m of type (29) and m of type (30)) 
will be seek, to find all the combinations of n faces which 
generate a vertex. For this, all  possible systems will be 
considered. 

n
mC2

One can check that , that is to say that the ellipses 
obtained with both methods are the same. In fact referring to 
the definitions of  and , it can be verified that: 

XΧ ′=

X′Χ
  T

1
T

1 SXXSΣ =
T

If the i  system can be solved, the fact that point th

{ }iKi ,1, K m2,∈′  belongs to the polytop will have to be 
verified. The system might have no solution, for example when 

XXΣ ′′=′ .  
 
So the admissible domains constraints can be written as: 
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two vectors ie
r

 et e j
r  have the same projection in the range of 

: . Moreover, when a point  is established, this 
point might be located outside the admissible space (cf. fig. 17).  

mJ j

 

i EE = iK ′

v

iH ′

i1 ESiE =′

 { } ii
H′=

∈ mramparallelogv
,,1

min min
K

 (38)

 

 

2Q& 5 Conclusion 

1Qe &
r

2Qe &
r

1Q&

1K ′
In this paper we have firstly shown the limits of classical 

indexes based on the Jacobean matrix condition number when 
Parallel Mechanisms with Actuation Redundancy are 
considered in terms of velocity isotropy. We have introduced 
new tools to analyze and optimize such mechanisms. The first 
set of tools offers measures based on a classical point of view, a 
velocity ellipsoid, with an important feature: the sought 
ellipsoid is much closer to the real machine capability than the 
one usually considered. The second set of tools is based on 
velocity polytop: the ways to efficiently compute such a 
polytop and, more important, its extreme values have been 
described. It is expected that indexes based on both analysis 
can be usefully implemented in optimization processes for new 
redundant parallel mechanisms. 

fig. 17 � Determination of a point outside from the admissible 
polytop 

Once all vertices are determined, the highest distance 
between the center and points  is given by: iK ′

 { } i
i

K ′=
∈ m

ramparallelogv
2,,1

max max
K

 (31)
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